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Abstract
The universal behavior of the soft theorem at the tree level is explained by considering the operator product
expansion of the soft and hard vertex operators. We find that the world-sheet integral for the soft vertex is determined
only by the regions that are close to the hard vertices after eliminating total derivative terms. This analyses can be
applied to massless particles in various theories such as bosonic closed string, closed superstring and heterotic string.
1 Introduction
In recent years much progress has been made in understanding the origin of the universality of the soft theorems [5]- [33].
For example, the universal behavior of soft graviton is given by
Mn+1(q; p1, · · · , pn) =
[
S(0) + S(1) + S(2)
]
Mn(p1, · · · , pn), (1.1)
where
S(0) ≡
n∑
k=1
hµνp
µ
kp
ν
k
pk · q ,
S(1) ≡ −i
n∑
k=1
hµνp
µ
kqαJ
να
k
pk · q ,
S(2) ≡ −1
2
n∑
k=1
hµνqαJ
µα
k qβJ
νβ
k
pk · q ,
Jµαk ≡ Lµαk + Sµαk ,
Lµαk ≡ i
(
pµk
∂
∂pkα
− pαk ∂
∂pkµ
)
. (1.2)
Here Jµαk , L
µα
k and S
µα
k are the total, orbital and spin angular momenta of the k-th particle respectively. From the viewpoint
of field theory, the soft theorems are beautifully derived by using the Ward identity [9], although it is not clear why the total
angular momentum comes out from the Feynman diagrams when a soft particle is added (Fig.1).
The soft theorems can also be understood in string theory [11]- [28]. The scattering amplitude is expressed by the insertions
of the vertex operators on the world-sheet that correspond to in and out states. The soft theorems are obtained by considering
the operator product expansion(OPE) of the soft vertex operator with the hard ones. In this paper we give a simple explanation
for the universality of the soft theorems in string theory. For a while we focus on the tree amplitudes of bosonic string.
The soft massless vertex operator in bosonic closed string is given by
Vsoft(z, z¯) = hµν : ∂X
µ(z)∂¯Xν exp (iq ·X(z, z¯)) :, (1.3)
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Figure 1: Soft graviton theorem in terms of Feynman diagrams through subleading order
where q is the momentum of the soft particle. As we will see in Section 3, by dropping the surface terms at the infinity, eq.(1.3)
can be replaced by Vs ≡
1
2
hµν : X
µ(z, z¯)Xν(z, z¯)∂z ∂¯z exp (iq ·X(z, z¯)) for symmetric hµν
Va ≡ −hµν : Xµ(z, z¯)∂¯Xν(z¯)∂z exp (iq ·X(z, z¯)) for antisymmetric hµν
. (1.4)
For the soft dilaton or graviton, where hµν is symmetric, this operator is superlocal through the linear order in q, while for the
B field, where hµν is antisymmetric, through the 0-th order. A superlocal operator is highly local in the sense that it takes a
nonzero value only when its position coincides with the other operators’ positions (see Section 3). In this paper we will show
that the universality of the soft theorems is a direct consequence of this superlocality. We can apply the same analysis for
superstring and heterotic string theory.
The structure of this paper is as follows. In Section 2 we review the calculation of the scattering amplitudes in string theory
and see how the leading soft theorem arises from the OPE. In Section 3 we introduce the concept of the superlocal operator
and see that the soft graviton/dilaton vertex operator is superlocal through the linear order in q. In section 4 and 5 we give a
unified explanation for the universality of the soft theorems for graviton, dilaton and B field. In Section 6 we apply this idea
for superstring and heterotic string theory. The details of the calculations are given in the Appendixes.
2 Soft graviton/dilaton theorems from OPE
In this section we review the calculation of the scattering amplitudes in string theory and explain how to derive the leading
soft graviton or dilaton theorem by using the OPE.
The tree level amplitudes are represented as the insertions of the vertex operators on a complex plane.
MN+1(p1, · · · , pN , q) ∼
∫
d2z
∫
d2wi〈Vsoft(q, z)
N∏
i=1
Vi(pi, wi)〉. (2.1)
Here we use the following normalization:
Xµ(z, z¯)Xν(w, w¯) ∼ −α
′
2
ηµν ln |z − w|2. (2.2)
For convenience we define a disk Di of radius  around each vertex wi, and denote the rest bulk region by B, B = C−⋃ni=1 Di.
We evaluate the integration over each of these regions.
First we calculate the contribution from the disk Di by using the OPE
: Vsoft(q, z) :: Vi(p, w) := · · ·+ |z − w|α
′p·q−4 × · · ·
+ |z − w|α′p·q−2
[(
− iα
′
2
)2
pµpν +O(q)
]
: Vi(p, w) : (2.3)
+ |z − w|α′p·q × · · ·
+ · · · .
We then perform the z integration ∫
|z|<
d2z|z − w|α′q·p+m−2 = 2pi
α′p · q +m
α′p·q+m. (2.4)
1
If we pick up the most singular terms (m = 0) for q, the leading soft graviton theorem is reproduced:∫
d2z : Vsoft(q, z) :: Vi(p, w) := −piα
′pµpν
2p · q : Vi(p, w) : +O(1). (2.5)
We also evaluate the contributions from the bulk B by some partial integration. The subleading and subsubleading soft
graviton or dilaton theorems are reproduced from the disks Di and bulk B, if we ignore the higher order corrections in α
′
and mixing with different vertex operators. The detail of the calculation for massless hard particles is given in Appendix A.
The structure is the same as in field theory. The singular terms in q arise from diagrams with a soft particle attached to the
external lines, while the regular terms arise from the the internal lines(See Figure 2.).
Figure 2: Analogy with field theory
In the above calculation there are three problems. First, we cannot control the higher order corrections in α′ because 
dependence remains in the expansion of α
′p·q. We will calculate these corrections by a better method in the next section.
Second, we cannot determine through which order the universality of the soft theorems holds. This also becomes clear in the
next section. Third, it seems that the hard particles are mixed to other levels. For example, we assume that the hard particle
is massless, Vi = hρσ∂X
ρ∂¯Xσeip·X . Then from the contractions between the exponential functions in the soft and hard part,
we would have the following term:∫
|z|<
d2zVsoft(q, z)Vi(p, w) ∼
∫
|z|<
d2z|z − w|α′p·q : ∂Xµ(w)∂Xρ(w)∂¯Xν(w¯)∂¯Xσ(w¯) exp(i(p+ q) ·X)(w) :
∼ 2pi
α′p · q + 2 
α′p·q∂Xµ(w)∂¯Xν(w¯)∂Xρ(w)∂¯Xσ exp(ip ·X(w, w¯)). (2.6)
We will show that such term does not appear in the next section. It should be canceled if we correctly evaluate the integration
over the bulk region B.
3 Superlocal operator and universality of soft theorems
We introduce the concept of superlocal operator in this section. A superlocal operator is highly local in the sense that it
takes a nonzero value only when its position coincides with the other operators. More precisely, an operator O(z) is said to be
superlocal when the following equation holds for any operators φi(wi):∫
d2z〈O(z)φ1(w1) · · ·φn(wn)〉 =
∑
a
n∑
i=1
cia〈Oia(wi)φ1(w1) · · · φˇi(wi) · · ·φn(wn)〉. (3.1)
2
where cia is a constant, O
i
a are local operators and φˇi(wi) means that i-th operator φi is removed.
The simplest example of superlocal operator is ∂∂¯Xµ(z):
∫
d2z〈∂∂¯Xµ(z)Xν1(w1) · · ·Xνn(wn)〉 = −piα′
n∑
i=1
ηµνi〈Xν1(w1) · · · Xˇνi(wi) · · ·Xνn(wn)〉, (3.2)
which is nothing but the Schwinger-Dyson equation.
As we discuss now, the universality of soft theorem is a direct consequence of the fact that the soft vertex is superlocal
through the linear order in q. We rewrite the emission vertex in eq.(1.3) for the symmetric hµν :
hµν : ∂X
µ(z)∂¯Xν exp (iq ·X(z, z¯)) :
= hµν∂ : X
µ(z, z¯)∂¯Xν(z¯) exp (iq ·X(z, z¯)) : −hµν : Xµ(z, z¯)∂¯Xν(z, z¯)∂z exp (iq ·X(z, z¯)) :
= hµν∂ : X
µ(z, z¯)∂¯Xν(z¯) exp (iq ·X(z, z¯)) : −hµν ∂¯
2
: Xµ(z, z¯)Xν(z, z¯)∂z exp (iq ·X(z, z¯)) :
+
hµν
2
: Xµ(z, z¯)Xν(z, z¯)∂z ∂¯z exp (iq ·X(z, z¯)) : . (3.3)
Here in the last equation we have used the symmetry of hµν . Because the world-sheet is a complex plane for the tree level
amplitudes, we can drop the total derivatives, and we obtain∫
d2z〈: ∂Xµ(z)∂¯Xν exp (iq ·X(z, z¯)) : · · · 〉 =
∫
d2z〈1
2
: Xµ(z, z¯)Xν(z, z¯)∂z ∂¯z exp (iq ·X(z, z¯)) : · · · 〉. (3.4)
As in the previous section, we divide the complex plane into the disks Di and the bulk region B.
In the bulk B, because there is no singularity in z − w, we can simply expand the soft exponential eiq·X . By using the
equation of motion we find that the soft vertex operator is 0 through the linear order in q on B:
∂∂¯ exp(iq ·X(z)) = ∂∂¯ (1 + iq ·X(z) +O(q2)) = O(q2). (3.5)
Because there is no contribution from B for any radius , we can conclude that the soft vertex operator is superlocal through
the linear order in q.
In the disk Di, however, we cannot simply expand e
iq·X because of the singularity in z − w. We should consider the
contraction of the exponential functions eiq·X and eip·X before expanding in q:∫
|z|<
〈1
2
: Xµ(z, z¯)Xν(z, z¯)∂z ∂¯z exp (iq ·X(z, z¯)) :: ∂Xρ(w) exp(ip ·X(w, w¯) · · · ) :〉
=
∫
|z|<
〈1
2
: Xµ(z, z¯)Xν(z, z¯) : ∂z ∂¯z
(
|z − w|α′p·q∂Xρ(w) : exp(iq ·X(z, z¯) + ip ·X(w, w¯)) : · · ·
)
〉, (3.6)
where operators at the same position, z or w, must not be contracted. Then if we expand eiq·X with respect to q, we can get
the leading, subleading, subsubleading soft theorem. The details are given in the following sections.
Figure 3: Contributions from 12 : X
µ(z, z¯)Xν(z, z¯)∂z∂¯z exp (iq · X(z, z¯))
3
4 Soft graviton/dilaton theorem
4.1 General formula
In this section we consider a hard vertex operator of the form, Vhard = ∂
m1X · · · ∂¯n1X · · · exp(ip ·X), and we refer to the
factors before the exponential function, ∂m1X · · · ∂¯n1X · · · , as prefactors. Then we can evaluate the OPE of the soft vertex
operator Vs (eq.(1.4)) and Vhard as follows.
First in order to simplify the contractions we rewrite the soft and hard vertex operators as
Vs =
hµν
2
: Xµ(z, z¯)Xν(z, z¯)∂z ∂¯z exp (iq ·X(z, z¯)) := −hµν
2
lim
ξ→0
∂µξ ∂
ν
ξ lim
z′→z
∂z ∂¯z : exp(iq ·X(z, z¯) + iξ ·X(z′, z¯′) :, (4.1)
Vhard = Aρ1···σ1···∂
m1Xρ1 · · · ∂¯n1Xσ1 · · · exp(ip ·X(w))
= Aρ1···σ1··· exp
(
ip ·X(w) +
∑
i
iζi · ∂miX +
∑
i
iλi · ∂¯niX(w¯)
)∣∣∣∣∣
multilinear in iζi,iλi
.
Here we keep only the multilinear terms in iζi and iλi, and perform the replacement, iζ1ρ1 · · · iλ1σ1 · · · → Aρ1···σ1···, at the
end.
The OPE of these operators is given by
: Vs(z) :: Vhard(w) :
= lim
ξ→0
∂µξ ∂
ν
ξ lim
z′→z
−1
2
hµν∂z ∂¯z : exp(iq ·X(z) + iξ ·X(z′)) :: exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯)
)
:
∣∣∣∣∣
multilinear in iζi,iλi
=− lim
ξ→0
∂µξ ∂
ν
ξ lim
z′→z
1
2
hµν∂z ∂¯z : |z − w|α
′p·q|z′ − w|α′p·ξ
exp
(
−α
′
2
∑
i
(mi − 1)!q · ζi
(z − w)mi −
α′
2
∑
i
(ni − 1)!q · λi
(z¯ − w¯)ni
)
× exp
(
−α
′
2
∑
i
(mi − 1)!ξ · ζi
(z′ − w)mi −
α′
2
∑
i
(ni − 1)!ξ · λi
(z¯′ − w¯)ni
)
× : exp
(
iq ·X(z) + iξ ·X(z′) + ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯)
)
:
∣∣∣∣∣
multilinear in iζi,iλi
=− lim
ξ→0
∂µξ ∂
ν
ξ
1
2
hµν : |z − w|α
′p·(q+ξ)
× exp
(
−α
′
2
∑
i
(mi − 1)!(q + ξ) · ζi
(z − w)mi −
α′
2
∑
i
(ni − 1)!(q + ξ) · λi
(z¯ − w¯)ni
)
× : exp
(
i(q + ξ) ·X(z) + ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯)
)
×
(
α′p · q
2(z − w) +
∑
i
α′mi!q · ζi
2(z − w)mi+1 + iq · ∂X(z)
)(
α′p · q
2(z¯ − w¯) +
∑
i
α′ni!q · λi
2(z¯ − w¯)ni+1 + iq · ∂¯X(z¯)
)
:
∣∣∣∣∣
multilinear in iζi,iλi
. (4.2)
The following two facts are crucial.
• First, we focus on the powers of z−w. Because the last line in eq.(4.2) is quadratic in q, the z integration needs to yield
a singular behavior in q in order to obtain a nonzero result through the linear order in q. Therefore it is sufficient to
consider the coefficients of |z − w|α′p·(q+ξ)−2.
• The singular factor that emerges after the z-integration of |z − w|α′p·(q+ξ)−2 is expanded as
1
p · (q + ξ) =
1
p · q
(
1− p · ξ
p · q +
(
p · ξ
p · q
)2
+ · · ·
)
. (4.3)
We are interested in quadratic terms in ξ, and the last line of eq.(4.2) is quadratic in q. Therefore the leading, subleading
and subsubleading terms come from the 0-th, first and second order of the expansion of the exponential functions with
respect to (q + ξ), respectively.
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In the following we label the degrees of (q + ξ) in each expansion of exp
(
−α
′
2
∑
i
(mi − 1)!(q + ξ) · ζi
(z − w)mi
)
,
exp
(
−α
′
2
∑
i
(ni − 1)!(q + ξ) · λi
(z¯ − w¯)ni
)
and exp(i(q + ξ) ·X(z), as (a,b;c), for example (0,0;1).
The leading soft theorem
We keep the 0-th order in q + ξ in eq.(4.2). We have only one contribution.
(0,0;0) terms
− lim
ξ→0
1
2
hµν∂
µ
ξ ∂
ν
ξ : |z − w|α
′p·(q+ξ) : exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯)
)
:
×
(
α′p · q
2(z − w) +
∑
i
α′mi!q · ζi
2(z − w)mi+1 + iq · ∂X(z)
)(
α′p · q
2(z¯ − w¯) +
∑
i
α′ni!q · λi
2(z¯ − w¯)ni+1 + iq · ∂¯X(z¯)
)∣∣∣∣∣
multilinear in iζi,iλi
. (4.4)
In the last line only the product of the first terms in each bracket yields the factor |z − w|−2, and the z integration becomes
− lim
ξ→0
1
2
hµν∂
µ
ξ ∂
ν
ξ |z − w|α
′p·(q+ξ)
(
α′p · q
2(z − w)
)(
α′p · q
2(z¯ − w¯)
)
× : exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯)
)
:
∣∣∣∣∣
multilinear in iζi,iλi
→ − lim
ξ→0
1
2
hµν∂
µ
ξ ∂
ν
ξ
2pi
α′p · (q + ξ)
(
α′p · q
2
)2
: exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯)
)
:
∣∣∣∣∣
multilinear in iζi,iλi
.
(4.5)
Here the arrow stands for the integration over z. By using eq.(4.3) and taking terms that are quadratic in ξ and multilinear
in iζi and iλi, eq.(4.5) becomes
− 1
2
hµν
2pi2pµpν
α′(p · q)3
(
α′p · q
2
)2
: exp(ip ·X(w))∂m1X · · · ∂¯n1X · · · :
=− piα
′hµνpµpν
2p · q : exp(ip ·X(w))∂
m1X · · · ∂¯n1X · · · . (4.6)
Thus the leading soft theorem is obtained for any hard vertex.
The subleading soft theorem
We keep the first order in (q + ξ) in eq.(4.2). We have the following three contributions.
1. (0,0;1) terms
− lim
ξ→0
1
2
hµν∂
µ
ξ ∂
ν
ξ : |z − w|α
′p·(q+ξ)i(q + ξ) ·X(z) : exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯)
)
:
×
(
α′p · q
2(z − w) +
∑
i
α′mi!q · ζi
2(z − w)mi+1 + iq · ∂X(z)
)(
α′p · q
2(z¯ − w¯) +
∑
i
α′ni!q · λi
2(z¯ − w¯)ni+1 + iq · ∂¯X(z¯)
)∣∣∣∣∣
multilinear in iζi,iλi
. (4.7)
We consider the expansion of the last line. If we pick up one of the third terms in each bracket, we cannot have a pole
for z − w or z¯ − w¯. Furthermore the product of the second terms in each bracket cannot become |z − w|−2 because the
derivatives of X with respect to both z and z¯, ∂a∂¯bX(a, b ≥ 1), are zero.
5
The remaining terms are
− lim
ξ→0
1
2
hµν∂
µ
ξ ∂
ν
ξ : |z − w|α
′p·(q+ξ)i(q + ξ) ·X(z) : exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯)
)
:
×
[(
α′p · q
2(z − w)
)(
α′p · q
2(z¯ − w¯)
)
+
(
α′p · q
2(z − w)
)(∑
i
α′ni!q · λi
2(z¯ − w¯)ni+1
)
+
(∑
i
α′mi!q · ζi
2(z − w)mi+1
)(
α′p · q
2(z¯ − w¯)
)]∣∣∣∣∣
multilinear in iζi,iλi
→ lim
ξ→0
−1
2
hµν∂
µ
ξ ∂
ν
ξ
2pi
α′p · (q + ξ)
(
α′p · q
2
)[(
α′p · q
2
)
i(q + ξ) ·X(w) +
(∑
i
α′q · ζi
2
)
i(q + ξ) · ∂miX(w)
+
(∑
i
α′q · λi
2
)
: i(q + ξ) · ∂¯niX(w)
]
exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯)
)∣∣∣∣∣
multilinear in iζi,iλi
.
(4.8)
2. (0,1;0) terms
− lim
ξ→0
1
2
hµν∂
µ
ξ ∂
ν
ξ : |z − w|α
′p·(q+ξ)
(
−α
′
2
∑
i
(ni − 1)!(q + ξ) · λi
(z¯ − w¯)ni
)
× : exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯)
)
:
×
(
α′p · q
2(z − w) +
∑
i
α′mi!q · ζi
2(z − w)mi+1 + iq · ∂X(z)
)(
α′p · q
2(z¯ − w¯) +
∑
i
α′ni!q · λi
2(z¯ − w¯)ni+1 + iq · ∂¯X(z¯)
)∣∣∣∣∣
multilinear in iζi,iλi
. (4.9)
In the last line only the product of
α′p · q
2(z − w) and iq · ∂¯X(z¯) can give the form |z−w|
−2, after combining with the Taylor
expansion of X(z). Then we have
lim
ξ→0
−1
2
hµν∂
µ
ξ ∂
ν
ξ |z − w|α
′p·(q+ξ)
(
−α
′
2
∑
i
(ni − 1)!(q + ξ) · λi
(z¯ − w¯)ni
)
× : exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯)
)
:
(
α′p · q
2
1
z − w )
)(
iq · ∂¯X(z¯))∣∣∣∣∣
multilinear in iζi,iλi
→ lim
ξ→0
−1
2
hµν∂
µ
ξ ∂
ν
ξ
(
−α
′
2
∑
i
(q + ξ) · λi
)
2pi
α′p · (q + ξ)
α′p · q
2
× : q · ∂¯niX(w¯) exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯)
)
:
∣∣∣∣∣
multilinear in iζi,iλi
. (4.10)
3. (1,0;0) terms
We can get the result by replacing λi, ni, and X¯ with ζi,mi, and X in eq.(4.10).
lim
ξ→0
∂µξ ∂
ν
ξ − 1
2
hµν
(
−α
′
2
∑
i
(q + ξ) · ζi
)
2pi
α′p · (q + ξ)
α′p · q
2
× : q · ∂miX(w) exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯)
)
:
∣∣∣∣∣
multilinear in iζi,iλi
. (4.11)
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Adding eq.(4.8), eq.(4.10) and eq.(4.11), we get
lim
ξ→0
−1
2
hµν∂
µ
ξ ∂
ν
ξ
2pi
α′p · (q + ξ)
(
α′p · q
2
)
exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯)
)
[(
α′p · q
2
)
: i(q + ξ) ·X(w) +
(∑
i
α′q · ζi
2
)
i(q + ξ) · ∂miX(w) +
(∑
i
α′q · λi
2
)
i(q + ξ) · ∂¯niX(w)
+
(
−α
′
2
∑
i
(q + ξ) · ζi
)
q · ∂miX(w) +
(
−α
′
2
∑
i
(q + ξ) · λi
)
q · ∂¯niX(w¯)
]∣∣∣∣∣
multilinear in iζi,iλi
= lim
ξ→0
−1
2
hµν∂
µ
ξ ∂
ν
ξ
2pi
α′
(
α′p · q
2
)
exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯)
)
[(
α′p · q
2
)
:
iq ·X(w)(p · ξ)2 − iξ ·X(w)(p · ξ)(p · q)
(p · q)3
+
(∑
i
α′qaξbζic∂miXd(w)(Sab)cd
2
)
−p · ξ
(p · q)2 +
(∑
i
α′qa′ξb′λic′ ∂¯
niXd′(w¯)(S
a′b′)c
′d′
2
)
−p · ξ
(p · q)2
]∣∣∣∣∣
multilinear in iζi,iλi
=− α
′
2
hµνpi exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯)
)
[
iq ·X(w)pµpν − iXν(w)pµ(p · q)
p · q +
(∑
i
qaζic∂
miXd(w)(S
aµ)cd
)
−pν
(p · q)
+
(∑
i
qa′λic′ ∂¯
niXd′(w¯)(S
a′µ)c
′d′
)
−pν
(p · q)
]∣∣∣∣∣
multilinear in iζi,iλi
=− α
′hµνpi
2p · q
[
−ipµqaLνa +
(∑
i
qaζic∂
miXd(w)(S
µa)cd
)
pν +
(∑
i
qa′λic′ ∂¯
niXd′(w¯)(S
µa′)c
′d′
)
pν
]
× exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯)
)∣∣∣∣∣
multilinear in iζi,iλi
, (4.12)
where Lµa = paXµ − pµXa, (Sab)cd = ηacηbd − ηadηbc.
The second and third terms in the square bracket represent a Lorentz transformation for each index of the prefactors.
Then we can write eq.(4.12) as
iα′hµνpipµqaJνa
2p · q : ∂
m1X · · · ∂¯n1X · · · exp (ip ·X(w)) :, (4.13)
where Jµa = Lµa + Sµa + S¯µa. Sµa and S¯νb are the spin angular momentum operators for the holomorphic and
antiholomorphic parts, respectively.
The subsubleading soft theorem
We keep the second order terms in q + ξ in eq.(4.2).
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The details are given in Appendix B, and we write only the last expression here:
piα′hµν
4p · q
[
qaqb
(
LµaLνb + 2SµaS¯νb
)
+ 2qaL
µa
(
qbS
bν + qbS¯
bν
)]
: ∂m1Xρ1 · · · ∂¯n1Xσ1 · · · exp (ip ·X(w)) :
+
piα′2hµν
4p · q :
∑
i
(Sµa)ed(Sbν)ρif
qaqb∂
miXdpepf
mi
· · · ∂miXρi︸ ︷︷ ︸ · · · ∂¯n1Xσ1 · · · exp (ip ·X(w)) :
+
piα′2hµν
4p · q :
∑
i
(Sµa)ed(Sbν)σif
qaqb∂¯
niXdpepf
ni
∂m1Xρ1 · · · ∂¯niXσ1︸ ︷︷ ︸ · · · exp (ip ·X(w)) :
− ipiα
′hµν
2p · q
(
mi−1∑
k=1
(mi − 1)!
k!(mi − k − 1)!
)
:
(
qapc∂
kXd(S
aµ)cd
)(
qb∂
mi−kXd(S
bν)ρid
)
· · · ∂miXρi︸ ︷︷ ︸ · · · ∂¯n1Xσ1 · · · exp (ip ·X(w)) :
− ipiα
′hµν
2p · q
(
ni−1∑
k=1
(ni − 1)!
k!(ni − k − 1)!
)
:
(
qapc∂¯
kXd(S
aµ)cd
)(
qa∂¯
ni−kXd(S
aν)σid
)
∂m1Xρ1 · · · ∂¯niXσi︸ ︷︷ ︸ · · · exp (ip ·X(w)) :
+
ipiα′2hµν
8p · q
[∑
i,j
(ni − 1)!(nj − 1)!
(ni + nj − 1)! :
qapd(S
µa)σidnjqe∂¯
ni+njXh(S
νe)σjh + (i↔ j)
(ni + nj)
]
∂m1Xρ1 · · · ∂¯niXσi︸ ︷︷ ︸ ∂¯njXσj︸ ︷︷ ︸ · · · exp (ip ·X(w)) :
+
ipiα′2hµν
8p · q
[∑
i,j
(mi − 1)!(mj − 1)!
(mi +mj − 1)! :
qapd(S
µa)ρidmjqe∂
mi+mjXh(S
νe)ρjh + (i↔ j)
(mi +mj)
]
· · · ∂miXρi︸ ︷︷ ︸ ∂mjXρj︸ ︷︷ ︸ · · · ∂¯n1Xσ1 · · · exp (ip ·X(w)) : .
(4.14)
Here the underbrace represents the absence of the factor above it. Note that in general we cannot express the subsubleading
soft theorem in terms of the total angular momentum. A compact form of eq.(4.14) will be given in Section 4.3.
4.2 Examples
We consider the following two examples of eq.(4.14).
4.2.1 Example : soft graviton/dilaton theorem for hard massless particles
We assume that the hard vertex is V = Aρσ∂X
ρ(w)∂¯Xσ(w¯) exp (ip ·X(w, w¯)), where Aρσ is a polarization tensor of the
hard particle, which can be either symmetric or antisymmetric. Applying the formulas eq.(4.6), eq.(4.12) and eq.(4.14) for
this case, we obtain
piα′hµνpµpνAρσ
2p · q : ∂X
ρ∂¯Xσ exp(ip ·X(w)) :
+
α′hµνpipµqaAρσ
2p · q
[
Jνa : ∂Xρ∂¯Xσ exp (ip ·X(w)) :]
+
piα′hµνAρσ
4p · q
[
qaqb
(
LµaLνbηραησβ + 2(Sµa)ρα(S¯νb)σβ
)
+ 2qaL
µa
(
qb(S
bν)σβησβ + qb(S¯
bν)σβηρα
)]
: ∂Xα∂¯Xβ exp (ip ·X(w)) :
+C1(w) + C2(w), (4.15)
where C1(w) and C2(w) are the higher order terms in α
′:
C1(w) ≡ piα
′2hµνAρσ
4p · q :
∑
i
(Sµa)ed(Sbν)ρfqaqb∂Xdpepf ∂¯X
σ exp (ip ·X(w)) :,
C2(w) ≡ piα
′2hµνAρσ
4p · q :
∑
i
(Sµa)ed(Sbν)σfqaqb∂¯Xdpepf∂X
ρ exp (ip ·X(w)) : . (4.16)
We have only one prefactor for each of the holomorphic and antiholomorphic part. For graviton it is easy to check that the
following combination of the spin operators vanishes when it acts on a single vector index:
hµνqaqb(S
µa)ρα(S
νb)αβ = 0. (4.17)
Here we have used hµνq
µ = 0 and hµµ = 0. Then the third line of eq.(4.15) becomes
piα′hµνhρσ
4p · q
[
qaqb
(
LµaLνb + 2SµaS¯νb
)
+ 2qaL
µa
(
qbS
bν + qbS¯
bν
)]
: ∂Xρ∂¯Xσ exp (ip ·X(w)) :
=
piα′hµνAρσ
4p · q qaqb :
(
JµaJνb∂X∂¯X exp(ip ·X)
)ρσ
: . (4.18)
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This reproduces the subsubleading soft graviton theorem of the field theory at the tree level, if we ignore the higher order
terms in α′ in eq.(4.15).
When we include the α′ corrections, we can find that the polarization tensors of C1 and C2(w) are not traceless, if we
assume that Aρσ is traceless. Therefore, a mixing between dilaton and graviton occurs in the higher order terms in α
′.
On the other hand, C1(w) and C2(w) vanish for soft dilaton as was discussed in [20]. To see this, we take the polarization
tensor of dilaton as
hµν(q) =
ηµν − qµq¯ν − q¯µqν√
D − 2 , (4.19)
where q¯2 = 0, q · q¯ = 1, and D is the dimension of the spacetime. When we substitute this in C1(w) and C2(w), the second
and third terms in hµν(q), −qµq¯ν − q¯µqν , vanish because Sµaqaqµ = 0. Then we can replace hµν with ηµν , and C1(w) becomes
piα′2ηµνAρσ
4p · q :
∑
i
(Sµa)ed(Sbν)ρfqaqb∂Xdpepf ∂¯X
σ exp (ip ·X(w)) :
=
piα′2ηµνAρσ
4p · q :
∑
i
(pµqd − p · qηµd)(qρpν − p · qηνρ)∂Xd∂¯Xσ exp (ip ·X(w)) :
=
piα′2Aρσ
4p · q :
∑
i
(p2qdqρ − pρqdp · q − pdqρp · q + (p · q)2ηdρ)∂Xd∂¯Xσ exp (ip ·X(w)) :
=
piα′2Aρσ
4p · q :
∑
i
(pdqρp · q + (p · q)2ηdρ)∂Xd∂¯Xσ exp (ip ·X(w)) :
=
piα′2
4
:
∑
i
(Aρσq
ρ∂¯Xσ∂ +Aρσp · q∂Xρ∂¯Xσ) exp (ip ·X(w)) : . (4.20)
Here we have used p2 = 0 and Aρσp
ρ = 0. We can drop the first term in eq.(4.20) because it is total derivative. The second
term becomes proportional to the original vertex operator, and vanishes by the momentum conservation when we consider all
the hard vertex operators: ∫
d2z〈: Vs(q; z) :: V1(p1;w1) : · · · : Vi(pi;wi) : · · · : Vn(pn;wn)〉
→ piα
′2
4
∑
i
pi · q〈: V1(p1;w1) : · · · : Vi(pi;wi) : · · · : Vn(pn;wn)〉
= 0, (4.21)
where the arrow means that we focus only on the contribution from C1(w). The same is true for C2(w).
Therefore, the higher order terms in α′ for the soft dilaton and hard massless vertices become 0. The explicit form of the
subsubleading soft dilaton theorem is
Aρσ
[(
−2qapν ∂
∂pν
∂
∂pa
+ p · q ∂
∂pa
∂
∂pa
)
∂Xρ∂¯Xσ
+
2
p · q
(
ηρσqαqβ∂X
α∂¯Xβ − qαqσ∂Xα∂¯Xρ − qσqβ∂Xσ∂¯Xβ + qρqσ∂Xα∂¯Xα
)
+ 2
(
− ∂
∂pρ
∂Xβ ∂¯X
σ + qρ
∂
∂pβ
∂Xβ ∂¯Xσ
)]
exp(ip ·X(w)). (4.22)
This is the same result as in [20].
4.2.2 Example : soft graviton/dilaton theorem for hard massive particles
A physical state at the next level is expressed by the second-order traceless transverse symmetric tensor, when we add
the appropriate spurious state. Then we can assume that the hard vertex is
Vhard(w) = Aρ1ρ2σ1σ2∂X
ρ1∂Xρ2 ∂¯Xσ1 ∂¯Xσ2 exp(ip ·X(w)). (4.23)
Aρ1ρ2σ1σ2p
ρ1 = 0, Aαασ1σ2 = 0, Aρ1ρ2σ1σ2p
σ1 = 0, A αρ1ρ2α = 0. (4.24)
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We apply the formula eq.(4.6), eq.(4.12) and eq.(4.14) for this case, and obtain
: Vs(z) :: Vhard(w) =:
piα′hµνpµpνAρ1ρ2σ1σ2
2p · q : ∂X
ρ1∂Xρ2 ∂¯Xσ1 ∂¯Xσ2 exp(ip ·X(w)) :
+
α′hµνpipµqaAρ1ρ2σ1σ2
2p · q
(
: Jνa∂Xρ1∂Xρ2 ∂¯Xσ1 ∂¯Xσ2 exp (ip ·X(w)) :)ρ1ρ2σ1σ2
+
piα′hµνAρ1ρ2σ1σ2
4p · q
[
qaqb
(
LµaLνbηρ1αηρ2βησ1γησ2δ + 2(Sµa)ρ1α(S¯νb)σ1γηρ2βησ2β
)
+2qaL
µa
(
qb(S
bν)ρ1αηρ2βησ1γησ2δ + qb(S¯
bν)σ1γηρ1αηρ2βησ2δ
)]
∂Xα∂Xβ ∂¯Xγ ∂¯Xδ exp (ip ·X(w))
+
piα′2hµνAρ1ρ2σ1σ2
2p · q (S
µa)ed(Sbν)ρ1fqaqb∂Xdpepf∂X
ρ2 ∂¯Xσ1 ∂¯Xσ2 exp (ip ·X(w)) :
+
piα′2hµνAρ1ρ2σ1σ2
2p · q (S
µa)ed(Sbν)σ1fqaqb∂¯Xdpepf : ∂X
ρ1∂Xρ2 ∂¯Xσ2 exp (ip ·X(w)) :
+
ipiα′2hµνAρ1ρ2σ1σ2
4p · q
[
qapd(S
µa)σ1dqb∂¯
2Xh(S
νb)σ2h
]
: ∂Xρ1∂Xρ2 exp (ip ·X(w)) :
+
ipiα′2hµνAρ1ρ2σ1σ2
4p · q
[
qapd(S
µa)ρ1dqb∂
2Xh(S
νb)ρ2h
]
∂¯Xσ1 ∂¯Xσ2 exp (ip ·X(w)) : +O(q2). (4.25)
In this case, all terms are the same order because p2 = −α
′
4
. We can rewrite the above equation by using the total angular
momentum as 1
piα′hµνpµpνAρ1ρ2σ1σ2
2p · q : ∂X
ρ1∂Xρ2 ∂¯Xσ1 ∂¯Xσ2 exp(ip ·X(w)) :
+
α′hµνpipµqaAρ1ρ2σ1σ2
2p · q
(
: Jνa∂Xρ1∂Xρ2 ∂¯Xσ1 ∂¯Xσ2 exp (ip ·X(w)))ρ1ρ2σ1σ2
+
piα′hµνAρ1ρ2σ1σ2qaqb
4p · q
[(
JµaJνb − SµaSνb − S¯µaS¯νb
)
∂X∂X∂¯X∂¯X exp(ip ·X(w))
]ρ1ρ2σ1σ2
+
piα′2hµνAρ1ρ2σ1σ2qaqb
2p · q (S
µap)ρ1pc(S
bν∂X)c∂Xρ2 ∂¯Xσ1 ∂¯Xσ2 exp (ip ·X(w)) :
+
piα′2hµνAρ1ρ2σ1σ2qaqb
2p · q (S
µap)ρ1pc(S
bν ∂¯X)c∂Xρ1∂Xρ2 ∂¯Xσ2 exp (ip ·X(w)) :
+
ipiα′2hµνAρ1ρ2σ1σ2qaqb
4p · q
[
(Sµap)σ1(Sνb∂¯2X)σ2
]
∂Xρ1∂Xρ2 exp (ip ·X(w))
+
ipiα′2hµνAρ1ρ2σ1σ2qaqb
4p · q
[
(Sµap)ρ1(Sνb∂2X)ρ2
]
∂¯Xσ1 ∂¯Xσ2 exp (ip ·X(w)) . (4.27)
The first, second and rest lines represent the leading, subleading and subsubleading soft theorems. This is also derived by
using Ward identity in Appendix D.
We can see that the resulting vertex operator in the subsubleading soft theorem satisfy the physical condition as follows.
It is obvious that the first and second lines are physical. The term including the total angular momentum, JµaJνb, is physical.
The remaining terms are divided into the two parts, each of which involves the transformations of only the holomorphic or
antiholomorphic prefactors. We focus on the holomorphic part and omit the polarization tensors in the antiholomorphic part.
From eq.(4.27), we find that the coefficients ζαβ of ∂X
α∂Xβ ∂¯Xσ1 ∂¯Xσ2 exp(ip ·X) is
ζαβ =
piα′hµνAρ1ρ2σ1σ2qaqb
2p · q
[
(Sµa)ρ1α(Sνb)ρ2β + α′(Sµa)ρ1dpdpc(S
νb)cαηβρ2
]
, (4.28)
and that the coefficient ξα of ∂
2Xα∂¯Xσ1 ∂¯Xσ2 is
ξα =
ipiα′2hµνAρ1ρ2σ1σ2qaqb
4p · q
[
(Sµa)ρ1cpc(S
νb)ρ2α
]
. (4.29)
1 As we have seen for the massless particles, the contribution vanishes when the spin angular momentum operators act on the holomorphic part
twice as in eq.(4.17). On the other hand, for the massive particles, S2(S¯2) need not be 0 when each of the S′s(S¯′s) acts on the different indexes, such
as
hµνqaqb(S
µa)ρ1α (S
νb)ρ2β ∂X
α∂Xβ 6= 0. (4.26)
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For convenience, the polarization tensors can be replaced by the following form:
hµν = hµhν , h · q = 0, (4.30)
Aρ1ρ2σ1σ2 = ζρ1ζρ2 ζ¯σ1 ζ¯σ2 , p · ζ = 0, p · ζ¯ = 0. (4.31)
We can check that these polarizations satisfy the following equations:
ξα =
iα′
2
ζαβp
β , (4.32)
ζαα = α
′pαpβζ
αβ . (4.33)
This is nothing but the physical condition. Thus, the subsubleading term is physical.
Next, by adding spurious states, we can transform the resulting vertex, ζαβ∂X
α∂Xβ + ξα∂
2Xα, to the original form of
eq.(4.23) and (4.24):
Vphys(p;w) = ψµν∂X
µ∂Xνeip·X(w), (4.34)
ψµµ(p) = 0, pµψ
µν = 0. (4.35)
In fact, the states generated by Virasoro generators are
Vspurious(p;w) = −(
√
1
2α′
(gµpν + gνpµ) +
2
α′
cηµν)∂X
µ∂Xν + i(
√
2
α′
gµ + cpµ)∂
2Xµ, (4.36)
where gµ and c are an arbitrary vector and constant, respectively. Assuming that the polarizations ζµν and ξµ are written by
the linear combinations of these vertices,
ξµ =i
√
2
α′
gµ + icpµ, (4.37)
ζµν =ψµν − (
√
1
2α′
(gµpν + gνpµ)− 2
α′
cηµν)
=ψµν +
i
2
(ξµpν + pµξν) + cpµpν − c
α′
ηµν , (4.38)
we can fix c by ψµµ = 0 and ψµνp
ν = 0:
c = − piα
′3
40p · q [(h · ζ)(p · q)− (q · ζ)(h · p)]
2 . (4.39)
Therefore resulting vertex in the subsubleading soft theorem is given by
ψαβ =
piα′
4p · q
[
2cαcβ − α′(c · p)(aαζβ + ζαaβ) + α
′
2
(c · p)(cαpβ + pαcβ) + α
′2
10
(c · p)2(pαpβ − 1
α′
ηαβ)
]
, (4.40)
cα = (h · ζ)qα − (q · ζ)hα, (4.41)
aα = (h · p)qα − (p · q)hα. (4.42)
4.3 Compact formula for soft graviton theorem
We point out that the derivation of soft graviton theorem can be simplified as follows. First, we consider the contractions of
the soft and hard vertices except for the hard prefactors O(w).
: Vs(z) :: Vhard(w) := : hµhνX
µXν∂z ∂¯ze
iq·X(z) :: Oeip·X(w) :
= : hµhν
(
Xµ(z)− iα′pµ ln |z − w|) (Xν(z)− iα′pν ln |z − w|) ∂z ∂¯z (eiq·X(z)+ip·X(w)|z − w|α′p·q) :: O(w) :
= :
[
(h ·X(z))(h ·X(z))− 2iα′(h · p)(h ·X(z)) ln |z − w| − α′2(h · p)(h · p) (ln |z − w|)2]
× (α′p · q)2|z − w|α′p·q−2
(
1 +
z − w
α′p · q ∂z
)(
1 +
z¯ − w¯
α′p · q ∂¯z
)
eiq·X(z)+ip·X(w) :: O(w) : . (4.43)
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Here we assume that the contractions between X(w) and O(w) should not be taken in the last line. We can easily check the
following equations. ∫
|z|<
d2z|z − w|α′p·q−2 = 2pi
α′p · q +O(1)∫
|z|<
d2z|z − w|α′p·q−2 ln |z − w| = − 2pi
(α′p · q)2 +O(1)∫
|z|<
d2z|z − w|α′p·q−2 (ln |z − w|)2 = 4pi
(α′p · q)3 +O(1)∫
|z|<
d2z|z − w|α′p·q−m (ln |z − w|)n = O(1) (m 6= 2, n = 0, 1, 2) (4.44)
Therefore, when we take contractions and expansions with respect to z−w in eq.(4.43), only the terms that contain |z−w|α′p·q−2
are effective through subsubleading order in eq.(4.43). By using eq.(4.44) eq.(4.43) becomes∫
|z|<
d2z : Vs(z) :: Vhard(w) :=
4piα′
p · q :
[
−(h · p)2 + i(h · p)(h ·X(z))(p · q) + (h ·X(z))
2(p · q)2
2
]
×
(
1 +
z − w
α′p · q iq · ∂X(z)
)(
1 +
z¯ − w¯
α′p · q iq · ∂¯X(z¯)
)
eiq·X(z)+ip·X(w) :: O(w) :
∣∣∣∣
|z−w|0
+O(q2)
=− 4piα
′(h · p)2
p · q : exp
(
i
p · q
h · ph ·X(z) + iq ·X(z) + ip ·X(w)
)
×
(
1 +
z − w
α′p · q iq · ∂X(z)
)(
1 +
z¯ − w¯
α′p · q iq · ∂¯X(z¯)
)
:: O(w) :
∣∣∣∣
|z−w|0
+O(q2)
= −4piα
′(h · p)2
p · q : e
ia·X(z)+ip·X(w) (1 + (z − w)b · ∂X(z)) (1 + (z¯ − w¯)b · ∂¯X(z¯)) :: O(w) :∣∣∣∣
|z−w|0
+O(q2), (4.45)
where
aµ = qµ − p · q
h · ph
µ, (4.46)
bµ =
iqµ
α′p · q . (4.47)
In the following we take O(w) = (ζa ·∂aX(w))(ζb ·∂bX(w)) · · · (ζ¯c · ∂¯cX(w¯))(ζ¯d · ∂¯dX(w¯)) · · · . The first, second and third order
terms in aµ correspond to the leading, subleading and subsubleading soft theorem, respectively.
1. leading order
∫
|z|<
d2z : Vs(z) :: Vhard(w) :
∣∣∣∣∣
leading
= −4piα
′(h · p)2
p · q : e
ip·X(w)O(w) : (4.48)
This is the leading soft graviton theorem.
2. subleading order
−4piα
′(h · p)2
p · q : e
ip·X(w)ia ·X(z) (1 + (z − w)b · ∂X(z)) (1 + (z¯ − w¯)b · ∂¯X(z¯)) :: ((ζa · ∂aX(w)) · · · (ζ¯c · ∂¯cX(w¯)) · · · :∣∣∣∣
|z−w|0
=− 4ipiα
′(h · p)2
p · q
[
a ·X(w) + α
′
2
(a · ζa)(b · ∂aX(w))− α
′
2
(b · ζa)(a · ∂aX(w)) + α
′
2
(a · ζ¯c)(b · ∂¯cX(w))− α
′
2
(b · ζ¯c)(a · ∂¯cX(w))
]
.
(4.49)
Here we omit the unchanged operators. This is subleading soft graviton theorem. In fact, the first term in square bracket
represents the orbital angular momentum operator. The second and third terms (the fourth and fifth terms) are combined
to the spin angular momentum operator for the holomorphic part.
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3. subsubleading order
2piα′(h · p)2
p · q : e
ip·X(w)(a ·X(z))2 (1 + (z − w)b · ∂X(z)) (1 + (z¯ − w¯)b · ∂¯X(z¯)) :
: (ζa · ∂aX(w))(ζb · ∂bX(w)) · · · (ζ¯c · ∂¯cX(w¯))(ζ¯d · ∂¯dX(w¯)) · · · :
∣∣∣
|z−w|0
=
2piα′(h · p)2
p · q
[
(a ·X)2 +
(
−α
′
2
a∑
k=0
a!
k!(a− k)! (b · ζa)(a · ∂
kX)(a · ∂a−kX) + (a→ b)
)
+
(
−α
′
2
c∑
k=0
c!
k!(c− k)! (b · ζ¯c)(a · ∂¯
kX)(a · ∂¯c−kX) + (c→ d)
)
+
(
α′2
2
(b · ζa)(b · ζ¯c)(a · ∂aX)(a · ∂¯nX) + (a→ b) + (c→ d) + (a→ b, c→ d)
)
+
[
α′(a · ζa)
{
a · ∂aX
a
+
a−1∑
k=0
(a− 1)!(a · ∂kX)(b · ∂a−kX)
k!(m− k − 1)! −
α′(a− 1)!b!(b · ζb)(a · ∂a+bX)
2(a+ b)!
− α
′
2
(b · ζ¯c)(b · ∂aX)(a · ∂¯nX) + (c→ d)
}
+ (a→ b)]
+
[
α′(a · ζ¯c)
{
a · ∂¯cX
c
+
c−1∑
k=0
(c− 1)!(a · ∂¯kX)(b · ∂¯c−kX)
k!(c− k − 1)! −
α′(c− 1)!d!(b · ζ¯d)(a · ∂¯c+dX)
2(c+ d)!
− α
′
2
(b · ζa)(b · ∂¯cX)(a · ∂aX) + (a→ b)
}
+ (c→ d)]
+
α′2
2
(a− 1)!(b− 1)!
(a+ b− 1)! (a · ζa)(a · ζb)(b · ∂
a+bX) +
α′2
2
(c− 1)!(d− 1)!
(c+ d− 1)! (a · ζ¯c)(a · ζ¯d)(b · ∂¯
c+dX) +
α′2
2
(a · ζa)(a · ζ¯c)(b · ∂aX)(b · ∂¯cX)
]
=
2piα′(h · p)2
p · q
[
(a ·X)2 − α′(a ·X) ({(b · ζa)(a · ∂aX)− (a · ζa)(b · ∂aX)}+ (a→ b))
− α′(a ·X) ({(b · ζ¯c)(a · ∂¯cX)− (a · ζ¯c)(b · ∂¯cX)}+ (c→ d))
+
α′2
2
[{(b · ζa)(a · ∂aX)− (a · ζa)(b · ∂aX)}{(b · ζ¯c)(a · ∂¯cX)− (a · ζ¯c)(b · ∂¯cX)}+ (a→ b) + (c→ d) + (a→ b, c→ d)]
+
(
α′(a · ζa)(a · ∂aX)
a
+ (a→ b)
)
+
(
α′(a · ζ¯c)(a · ∂¯cX)
c
+ (c→ d)
)
− α
′
2
(
a−1∑
k=1
a!
k!(a− k)! (a · ∂
kX)
(
(b · ζa)(a · ∂a−kX)− (a · ζa)(b · ∂a−kX)
)
+ (a→ b)
)
− α
′
2
(
c−1∑
k=1
c!
k!(c− k)! (a · ∂¯
kX)
(
(b · ζ¯c)(a · ∂¯c−kX)− (a · ζ¯c)(b · ∂¯c−kX)
)
+ (c→ d)
)
+
α′2(a− 1)!(b− 1)!
2(a+ b)!
(
a(a · ζb)
{
(a · ζa)(b · ∂a+bX)− (b · ζa)(a · ∂a+bX)
}
+ b(a · ζa)
{
(a · ζb)(b · ∂a+bX)− (b · ζb)(a · ∂a+bX)
})]
(4.50)
When we substitute aµ = qµ − p · q
h · ph
µ and bµ =
iqµ
α′p · q into this equation, we find that eq.(4.50) agrees with eq.(4.14).
Furthermore, we can rewrite this result in the operator formalism and obtain the compact form as follows:
2piα′(h · p)2
p · q : e
ip·X(w)(a ·X(z))2 (1 + (z − w)b · ∂X(z)) (1 + (z¯ − w¯)b · ∂¯X(z¯)) :
: (ζa · ∂aX(w))(ζb · ∂bX(w)) · · · (ζ¯c · ∂¯cX(w¯))(ζ¯d · ∂¯dX(w¯)) :
∣∣∣
|z−w|0
→2piα
′
p · q
[
qaqb
(
LµaLνb + SµaS¯νb
)
+Q+ Q¯
]
|hard massive state; k〉 , (4.51)
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where
Q ≡
√α′
2
∑
k 6=0
(a · αk)
kzk
21 +√α′
2
∑
k 6=0
b · αk
izk
∣∣∣∣∣∣
z0
,
Q¯ ≡
√α′
2
∑
k 6=0
(a · αk)
kz¯k
21 +√α′
2
∑
k 6=0
b · αk
iz¯k
∣∣∣∣∣∣
z¯0
,
|hard massive state; p〉 =: (i
√
α′
2
(a− 1)!ζa · α−a) · · · (i
√
α′
2
(c− 1)!ζ¯c · α¯−c) · · · : |vacuum, p〉 . (4.52)
5 Soft B field theorem
The soft B field theorem has been examined in [22], and its universal behavior is determined through subleading order. This
can also be seen in our formulation. We can rewrite the B field vertex operator as follows:
: ∂Xµ(z)∂¯Xν exp (iq ·X(z, z¯)) :
=∂ : Xµ(z, z¯)∂¯Xν(z¯) exp (iq ·X(z, z¯)) : − : Xµ(z, z¯)∂¯Xν(z, z¯)∂z exp (iq ·X(z, z¯)) : . (5.1)
For the B field we cannot further rewrite it by using partial integration. We find that the contribution from the bulk is O(q).
Therefore the soft theorem holds universally through subleading order, and is obtained in a similar manner to the previous
subsection. First, we rewrite the soft vertex as
−hµνXµ(z, z¯)∂¯Xν(z¯)∂ exp(iq ·X(z, z¯)) = lim
ξ,ω→0
lim
z′→z
∂
∂ξµ
∂
∂ων
hµν∂z ∂¯z¯ exp(iq ·X(z, z¯) + iξ ·X(z′, z¯′) + iω · ∂¯X(z¯′)). (5.2)
The details are given in Appendix C and the result is
−
∫
|z|<
hµν : X
µ(z, z¯)∂¯Xν(z, z¯)∂z exp (iq ·X(z, z¯)) :: V (w) :
=
−ipiα′hµν
2
(
pνqa(S
µa − S¯µa)− (µ↔ ν)
p · q +
Sµν − S¯µν
2
)
: V (w) : +O(q2), (5.3)
where V (w) is any hard vertex operator.
6 Soft theorem in other string theories
6.1 superstring
The soft theorems in superstring theory have been examined in various contexts [11] [21] [24]. They can be seen also from
our formulation.
The vertex operator of the graviton or dilaton in (0,0) picture can be written as
hµν :
(
i∂Xµ(z)− α
′
2
qαψ
µ(z)ψα(z)
)(
i∂¯Xν(z¯)− α
′
2
qβψ˜
ν ψ˜β
)
exp (iq ·X(z, z¯)) : . (6.1)
Note that ψµ(z)ψα(z) can be regarded as the spin angular momentum operator. We classify the terms in eq.(6.1) as follows:
1. The product of the bosonic parts is the same as in the previous section. It gives the momentum and the angular momen-
tum as well as the other terms in eq.(4.25).
2. The product of the fermionic parts is quadratic in q and contribute only to the subsubleading soft theorem. This gives
the product of the spin angular momenta of the holomorphic and antiholomorphic parts of the hard vertices.
3. For the products of the bosonic and fermionic part, we perform partial integration in the bosonic part as in the previous
section.
∂Xµ(z) exp (iq ·X(z, z¯)) = ∂ (Xµ exp (iq ·X(z, z¯)))−Xµ(z, z¯)∂ exp (iq ·X(z, z¯)) . (6.2)
Because the fermionic part is multiplied by q, the contribution from the bulk is at least O(q2). Therefore, these terms
contribute to the subleading and the subsubleading soft theorem.
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As an example, let’s consider the contraction of the soft graviton with a hard dilatino or gravitino in NS-R sector. The
vertex operator in (−1,−1
2
) picture in the NS - R sector is given by
V (w, w¯) = uαρψ
ρ(w) exp(−φ(w))S˜α(w¯) exp
(
− φ˜(w¯)
2
)
exp (ip ·X(w, w¯)) , (6.3)
where uαµ is a polarization, φ, φ˜ are superghosts, S˜α generates the ground state in R sector. In this case the prefactors are
purely fermionic, so the spin angular momentum comes from the fermionic part and the orbital angular momentum from the
bosonic part separately.
The contraction rules are as follows:
ψµ(z)ψν(w) ∼ η
µν
z − w , (6.4)
ψµ(z)Sα(w) ∼ 1√
2(z − w) (Γ
µ) βα Sβ(w), (6.5)
φ(z)φ(w) ∼ − ln(z − w). (6.6)
The contributions from the above 1. ∼ 3. are as follows:
1. This is essentially the same as in the hard tachyon in bosonic string theory:
−piα
′hµν
4p · q
(
2pµpν + 2qap
µLνa + qaqbL
µaLνb
)
uαµψ
µ(w) exp(−φ(w))S˜α(w¯) exp
(
− φ˜(w¯)
2
)
exp (ip ·X(w, w¯)) . (6.7)
2. The holomorphic part gives
−α
′
2
qaψ
µ(z)ψa(z)ψρ(w) ∼ −α
′(ηµρψa − ηaρψµ)
2(z − w) = −
α′qa(Sµa)ρmψ
m(w)
2(z − w) , (6.8)
while the antiholomorphic part gives
−α
′
2
qbψ˜
µψ˜bS˜α(w¯) ∼ −
α′qb(Γb)
γ
β (Γ
ν) δγ S˜δ(w¯)
4(z − w) = −
α′qb(Sνb) δβ S˜δ
2(z¯ − w¯) . (6.9)
Taking the products of these results and integrating over z, we obtain
piα′qaqbSµaSνb
2p · q u
α
ρψ
ρ(w) exp(−φ(w))S˜α(w¯) exp
(
− φ˜(w¯)
2
)
exp (ip ·X(w, w¯)) . (6.10)
3. For the bosonic part we have
: iXµ(z, z¯)∂ exp (iq ·X(z, z¯)) :: exp (ip ·X(w, w¯)) :
=i lim
ξ→0
lim
z′→z
∂
∂ξµ
: exp
(
iq ·X(z, z¯) + iξ ·X(z′, z¯′)) :: exp (ip ·X(w, w¯)) :
=i
α′p · q
2(z − w)
∂
∂qµ
:
(
|z − w|α′p·q exp (iq ·X(z, z¯))
α′p · q
)
exp (ip ·X(w, w¯)) : . (6.11)
After the z integration this gives the momentum and the orbital angular momentum.
For the fermionic part, by the same calculation as eq.(6.8) and eq.(6.9), we get the spin angular momentum for each of
the holomorphic and antiholomorphic parts.
Combining these results , we obtain
−piα
′hµν(ipµ + iqaLµa)qbSµb
2p · q u
α
ρψ
ρ(w) exp(−φ(w))S˜α(w¯) exp
(
− φ˜(w¯)
2
)
exp (ip ·X(w, w¯)) . (6.12)
Summing up these contributions, we can express the soft theorem as follows:
− piα
′hµν
4p · q
(
2pµpν + 2qap
µJνa + qaqbJ
µaJνb − qaqbSµaSνb − qaqbS¯µaS¯νb
)
× uαµψµ(w) exp(−φ(w))S˜α(w¯) exp
(
− φ˜(w¯)
2
)
exp (ip ·X(w, w¯)) . (6.13)
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As in eq.(4.17) the same combination of the spin operators vanishes when it acts on a single spinor :
hµνqaqb(S
µa)ij(S
νb)jk = 0, (6.14)
where i, j, k are spinor indexes2. Therefore the fourth and fifth terms are 0 and eq.(6.13) is written in terms of the total angular
momentum for soft graviton.
In superstring theory, if there is no bosonic prefactor ∂mX or ∂¯mX, there appears neither the higher order correction in
α′ nor a mixing with different vertices, because the spin angular momentum operator comes only from the fermionic part.
6.2 heterotic string
In this section we discuss the soft theorems for gauge bosons in heterotic string theory. The vertex operator of the gauge
boson is given by
Vgauge(z) = ζaµj
a(z)∂¯Xµ(z¯) exp (ik ·X(z, z¯)) . (6.15)
Here ja is a holomorphic (1,0) operator that satisfies the current algebra:
ja(z)jb(w) ∼ k
ab
(z − w)2 +
icabc
z − wj
c(w), (6.16)
where kab, cabc are constants.
As in the previous sections, we rewrite Vgauge as
Vgauge(z) = ∂¯ (ζaµj
a(z) exp (ik ·X(z, z¯)))− ζaµja(z)∂¯ exp (ik ·X(z, z¯)) . (6.17)
We can drop the first term because it is a total derivative. The contribution from the bulk of the second term is O(q). Therefore
the soft theorem holds through the 0-th order in q.
When we evaluate the OPE with a hard vertex, the holomorphic part gives the generator of the gauge symmetry with a
pole
1
z − w . The antiholomorphic part has exactly the same form as in the case of superstring, and it gives the momentum,
the orbital angular momentum and the spin angular momentum.
This is consistent with the results [1] [8] [9] that the soft gauge boson theorem at the tree level is universal through
subleading order.
7 Conclusion
We have discussed the soft theorem in string theory in terms of the OPE of the soft and hard vertices. When the soft vertex
is expanded with the soft momentum after some partial integration, it turns out to be a superlocal operator through a certain
order in q. As a result, we find that the scattering amplitude is evaluated only by the local integral around the hard vertices
through that order of the soft momentum, which leads to the universal soft behavior.
We have confirmed that the soft behavior of massless particles of bosonic closed string, closed superstring and heterotic
string can actually be reproduced by that method. When the hard vertex represents a massive particle, we find that the
subsubleading soft theorem can no longer be written in terms of the total angular momentum.
It is known that the universal behavior of the soft theorem breaks down when loop effects are taken into account [24] [31] [32].
It is interesting to see whether loop effects can be evaluated with the superlocal operator. Because the loop effect can be ex-
amined by factorizing diagrams in field theory, we expect that the loop effects appear as the pinches of the world-sheet in
string theory.
In this paper we have considered scattering amplitudes with one soft particle. It should be able to consider the scattering
amplitudes with more than one soft particle in this formulation.
Although we have obtained a simple picture of soft theorems based on the superlocal operator, we still do not have a brief
explanation why the total angular momentum operator emerges.
2Eq.(6.14) holds for dilaton as well as graviton contrary to the case of a vector index in eq.(4.17)
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A Analogy with field theory
In this appendix we show that the soft theorem has the same structure as field theory, if we ignore the higher order corrections
of α′ and the mixing with different vertex operators. Note that here we consider the soft vertex before partial integration.
Let’s calculate the OPE between the soft graviton vertex Vsoft(z, z¯) = hµν∂X
µ(z)∂¯Xν(z¯) exp(iq · X(z, z¯)) and a hard
vertex. For simplicity we take a graviton as the hard vertex operator: Vhard(w, w¯) = Aρσ∂X
ρ(w)∂¯Xσ(w¯) exp(ip · X(w, w¯)).
In the following we omit polarization tensors.
First, we consider the contraction between the exponential functions in the soft and the hard vertices.
∫
d2z∂Xµ(z)∂Xν(z¯) exp (iq ·X (z, z¯)) ∂Xρ(w)∂Xσ(w¯) exp (ip ·XG (w, w¯))
=
∫
d2z|z − w|α′q·p∂Xµ(z)∂Xν(z¯)∂Xρ(w)∂Xσ(w¯) : exp (iq ·X (z, z¯) + ip ·X (w, w¯)) : . (A.1)
Here we assume that we do not take any contraction among the operators defined on the same points, z or w, even if the
symbol of the normal ordering is not explicitly written. Then we expand the exponential functions with the power of q. In
order to indicate that the expanded operators should not be contracted with exp (ip ·X (w, w¯)) anymore, we denote them by
the symbol X ′(z, z¯). We classify the contributions to eq.(A.1) into the following five cases by the order of q and the integration
regions.
1. The contribution of the 0-th order in q from the disk around the hard vertex
It is given by ∫
|z|<
d2z∂Xµ(z)∂¯Xν(z¯)∂Xρ(w)∂¯Xσ(w¯) exp(ip ·X(w, w¯))
∼−piα
′α
′p·qpµpν
2p · q ∂X
ρ(w)∂¯Xσ(w¯) exp(ip ·X(w, w¯))
∼−piα
′pµpν
2p · q ∂X
ρ(w)∂¯Xσ(w¯) exp(ip ·X(w, w¯)), (A.2)
where we have ignored the higher order terms in α′. This gives the leading soft theorem.
2. The contribution of the 0-th order in q from the bulk
Because the singularity in q is not yielded from the bulk, this contribution gives a part of the subleading soft theorem.
In fact, the soft vertex operator at this order is a total derivative with respect to z, and we can rewrite it to the contour
integral around the hard vertex as follows:∫
bulk
d2z∂Xµ∂¯Xν(z¯)V (w1, w¯1) · · ·V (wn, w¯n) = − i
2
n∑
i=1
∮
|z−wi|=
dz¯Xµ(z, z¯)∂¯Xν(z¯)V (w1, w¯1) · · ·V (wn, w¯n). (A.3)
Then by looking at the pole in the antiholomorphic part of the OPE, we have
− i
2
∮
|z−w|=
dz¯Xµ(z, z¯)∂¯Xν(z¯)∂Xρ(w)∂¯Xσ(w¯) exp(ip ·X(w, w¯))
∼ ipiα
′pν
2
∂
i∂pµ
(
∂Xρ(w)∂¯Xσ(w¯) exp(ip ·X(w, w¯))) . (A.4)
This is a part of the orbital angular momentum of the subleading soft theorem. The fact that a part of the angular
momentum comes out from the bulk is similar to the structure in field theory.
3. The contribution of the first order in q from the disk around the hard vertex
It is given by
iqα
∫
|z|<
d2z∂Xµ(z)∂¯Xν(z¯)X ′α(z, z¯)∂Xρ(w)∂¯Xσ(w¯) exp(ip ·X(w, w¯)). (A.5)
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As in the above cases, we take the OPE, and then ignore the higher order terms in α′ and the mixing with different
vertex operators. We have
∼ − piα
′
2q · p exp(ip ·X(w, w¯))
[
iqαp
µpν
∂
i∂pα
∂Xρ(w)∂¯Xσ(w¯) + qαp
µ
kη
νσ∂Xρ(w)∂¯Xα(w¯)− pµkqσ∂Xρ(w)∂¯Xν(w¯)
+qαp
ν
kη
µρ∂Xα(w)∂¯Xσ(w¯)− pνkqρ∂Xµ(w)∂¯Xσ(w¯)
]
. (A.6)
4. The contribution of the first order in q from the bulk
By the symmetry of the polarization tensor, we can rewrite the soft vertex operator as follows:
iqα∂X
µ(z)∂¯Xν(z¯)X ′α(z, z¯) = iqα∂
(
Xµ(z, z¯)∂¯XνX ′α(z, z¯)
)− iqα
2
∂¯
(
Xµ(z, z¯)Xν(z, z¯)∂X ′α(z)
)
. (A.7)
As in 2., the z integration can be replaced by contour integrals around the hard vertices:∫
bulk
d2z∂Xµ∂¯Xν(z¯)iqαX
′α(z, z¯)V (w1, w¯1) · · ·V (wn, w¯n) (A.8)
=
qα
2
n∑
i=1
∮
|z−wi|=
dz¯Xµ(z, z¯)∂¯Xν(z¯)X ′α(z, z¯)V (w1, w¯1) · · ·V (wn, w¯n)
+
qα
4
n∑
i=1
∮
|z−wi|=
dzXµ(z, z¯)Xν(z, z¯)∂X ′α(z)V (w1, w¯1) · · ·V (wn, w¯n) (A.9)
When a hard vertex is a graviton, we get
qα
2
∮
|z−w|=
dz¯Xµ(z, z¯)∂¯Xν(z¯)Xα(z, z¯)∂Xρ(w)∂¯Xσ(w¯) exp(ip ·X(w, w¯))
+
qα
4
n∑
i=1
∮
|z−wi|=
dzXµ(z, z¯)Xν(z, z¯)∂Xα(z)∂Xρ(w)∂¯Xσ(w¯) exp(ip ·X(w, w¯))
= − ipiα
′qα
2
[
−ipν ∂
i∂pµ
∂
i∂pα
∂Xρ(w)∂¯Xσ(w¯)− ηνσ ∂
i∂pµ
∂Xρ(w)∂¯Xα(w¯)
+ ηασ
∂
i∂pµ
∂Xρ(w)∂¯Xν(w¯) +
1
2
ipα
∂
i∂pµ
∂
i∂pν
∂Xρ(w)∂¯Xσ(w¯)
+ηαρ
∂
i∂pµ
∂Xν(w)∂¯Xσ(w¯)− ηµρ ∂
i∂pν
∂Xα(w)∂¯Xσ(w¯)
]
exp(ip ·X(w, w¯)) (A.10)
This contributes to subsubleading soft theorem.
5. The contribution of the second order in q from the disk around the hard vertex operators
It is given by
iqαiqβ
2
∫
|z|<
d2z∂Xµ(z)∂¯Xν(z¯)X ′α(z, z¯)X ′β(z, z¯)∂Xρ(w)∂¯Xσ(w¯) exp(ip ·X(w, w¯))
∼− piα
′qαqβ
4p · q
[
−pµpν ∂
i∂pα
∂
i∂pβ
∂Xρ(w)∂¯Xσ(w¯) + 2ipµηνσ
∂
i∂pα
∂Xρ(w)∂¯Xβ(w¯)
− 2ipµηασ ∂
i∂pβ
∂Xρ(w)∂¯Xν(w¯) + 2iηµρpν
∂
i∂pα
∂Xβ(w)∂¯Xσ(w¯)
+ 2ηµρηνσ∂Xα(w)∂¯Xβ(w¯)− 2ηµρηασ∂Xβ(w)∂¯Xν(w¯)
− 2iηαρpνk ∂
i∂pkβ
∂Xµ(w)∂¯Xσ(w¯)− 2ηαρηνσ∂Xµ(w)∂¯Xβ(w¯)
+2ηαρηβσ∂Xµ(w)∂¯Xν(w¯)
]
exp(ip ·X(w, w¯)), (A.11)
where we have ignored the higher order terms in α′ and the mixing with different vertex operators. The sum of the
contribution of 4. and 5. gives the subsubleading soft theorem.
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B Subsubleading soft theorem for graviton and dilaton
We focus on the second order terms in (q + ξ) in eq.(4.2).
For convenience we classify the terms by three types of underlines, , and
:::
. The simple and double lines do
not change the number of prefactors, but the wavy lines do. The simple line represents the terms without α′ correction, while
the double line stands for the higher order terms in α′.
1. (0,2;0) terms
− lim
ξ→0
1
2
hµν∂
µ
ξ ∂
ν
ξ |z − w|α
′p·(q+ξ) exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯i)
)
×1
2
(
−α
′
2
∑
i
(ni − 1)!(q + ξ) · λi
(z¯ − w¯)ni
)(
−α
′
2
∑
j
(nj − 1)!(q + ξ) · λj
(z¯ − w¯)nj
)
×
(
α′p · q
2(z − w) +
∑
i
α′mi!q · ζi
2(z − w)mi+1 + iq · ∂X(z)
)(
α′p · q
2(z¯ − w¯) +
∑
i
α′ni!q · λi
2(z¯ − w¯)ni+1 + iq · ∂¯X(z¯)
)∣∣∣∣∣
multilinear in iζi,iλi
.
(B.1)
In the last line only the first term in the first bracket gives the pole
1
z − w , and only the third term in the second bracket
gives
1
z¯ − w¯ .
− lim
ξ→0
1
2
hµν∂
µ
ξ ∂
ν
ξ |z − w|α
′p·(q+ξ) exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯i)
)
× 1
2
(
−α
′
2
∑
i
(ni − 1)!(q + ξ) · λi
(z¯ − w¯)ni
)(
−α
′
2
∑
j
(nj − 1)!(q + ξ) · λj
(z¯ − w¯)nj
)(
α′p · q
2(z − w)
)(
iq · ∂¯X(z¯))∣∣∣∣∣
multilinear in iζi,iλi
=− lim
ξ→0
1
2
hµν∂
µ
ξ ∂
ν
ξ
2pi
α′p · (q + ξ) exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯i)
)
×1
2
(
−α
′
2
∑
i
(ni − 1)!(q + ξ) · λi
)(
−α
′
2
∑
j
(nj − 1)!(q + ξ) · λj
)
α′p · q
2
iq · ∂¯ni+njX
(ni + nj − 1)!
:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::
∣∣∣∣∣∣∣∣
multilinear in iζi,iλi
. (B.2)
2. (2,0;0) terms
By replacing λi, ni, X¯ with ζi,mi, X in the above expression we get the result for the holomorphic part.
− lim
ξ→0
1
2
hµν∂
µ
ξ ∂
ν
ξ
2pi
α′p · (q + ξ) exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯i)
)
×1
2
(
−α
′
2
∑
i
(mi − 1)!(q + ξ) · ζi
)(
−α
′
2
∑
j
(mj − 1)!(q + ξ) · ζj
)
α′p · q
2
iq · ∂mi+mjX
(mi +mj − 1)!
::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::
∣∣∣∣∣∣∣∣
multilinear in iζi,iλi
. (B.3)
3. (1,1;0) terms
− lim
ξ→0
1
2
hµν∂
µ
ξ ∂
ν
ξ |z − w|α
′p·(q+ξ) exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯i)
)
×
(
−α
′
2
∑
i
(mi − 1)!(q + ξ) · ζi
(z − w)mi
)(
−α
′
2
∑
i
(ni − 1)!(q + ξ) · λi
(z¯ − w¯)ni
)
×
(
α′p · q
2(z − w) +
∑
i
α′mi!q · ζi
2(z − w)mi+1 + iq · ∂X(z)
)(
α′p · q
2(z¯ − w¯) +
∑
i
α′ni!q · λi
2(z¯ − w¯)ni+1 + iq · ∂¯X(z¯)
)∣∣∣∣∣
multilinear in iζi,iλi
.
(B.4)
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In the last line only the product of the third terms in each bracket, iq · ∂X × iq · ∂¯X gives the factor |z − w|−2.
− lim
ξ→0
1
2
hµν∂
µ
ξ ∂
ν
ξ |z − w|α
′p·(q+ξ) exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯i)
)
×
(
−α
′
2
∑
i
(mi − 1)!(q + ξ) · ζi
(z − w)mi
)(
−α
′
2
∑
i
(ni − 1)!(q + ξ) · λi
(z¯ − w¯)ni
)
(iq · ∂X(z)) (iq · ∂¯X(z¯))∣∣∣∣∣
multilinear in iζi,iλi
=− lim
ξ→0
1
2
hµν
2pi
α′p · (q + ξ)
(
−α
′
2
∑
i
(q + ξ) · ζi
)(
−α
′
2
∑
j
(q + ξ) · λj
)
× iq · ∂miX(w)iq · ∂¯niX(w¯) exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯i)
)∣∣∣∣∣
multilinear in iζi,iλi
. (B.5)
4. (0,1;1) terms
− lim
ξ→0
1
2
hµν∂
µ
ξ ∂
ν
ξ |z − w|α
′p·(q+ξ)
(
−α
′
2
∑
i
(ni − 1)!(q + ξ) · λi
(z¯ − w¯)ni
)
×i(q + ξ) ·X(z) : exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯i)
)
:
×
(
α′p · q
2(z − w) +
∑
i
α′mi!q · ζi
2(z − w)mi+1 + iq · ∂X(z)
)(
α′p · q
2(z¯ − w¯) +
∑
i
α′ni!q · λi
2(z¯ − w¯)ni+1 + iq · ∂¯X(z¯)
)∣∣∣∣∣
multilinear in iζi,iλi
.
(B.6)
In the last line the third term in the first bracket does not give the pole
1
z − w . The product of the second term in the
20
first bracket or the first and second term in the second bracket does not give the factor |z − w|−2.
− lim
ξ→0
1
2
hµν∂
µ
ξ ∂
ν
ξ |z − w|α
′p·(q+ξ)
(
−α
′
2
∑
i
(ni − 1)!(q + ξ) · λi
(z¯ − w¯)ni
)
×i(q + ξ) ·X(z) : exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯i)
)
:
×
[(
α′p · q
2(z − w)
)(
α′p · q
2(z¯ − w¯) +
∑
i
α′ni!q · λi
2(z¯ − w¯)ni+1 + iq · ∂¯X(z¯)
)
+
(∑
i
α′mi!q · ζi
2(z − w)mi+1
)
iq · ∂¯X(z¯)
]∣∣∣∣∣
multilinear in iζi,iλi
=− lim
ξ→0
1
2
hµν∂
µ
ξ ∂
ν
ξ |z − w|α
′p·(q+ξ) exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯i)
)
×
(
−α
′
2
∑
i
(ni − 1)!(q + ξ) · λi
(z¯ − w¯)ni
)
i(q + ξ) ·X(z)
×
( α′p · q
2(z − w)
){(
α′p · q
2(z¯ − w¯) + iq · ∂¯X(z¯)
)
+
∑
j 6=i
α′nj !q · λj
2(z¯ − w¯)nj+1

+
(∑
i
α′mi!q · ζi
2(z − w)mi+1
)
iq · ∂¯X(z¯)i(q + ξ) ·X(z)
]∣∣∣∣∣
multilinear in iζi,iλi
=− lim
ξ→0
1
2
hµν∂
µ
ξ ∂
ν
ξ :
2pi
α′p · (q + ξ) exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯i)
)(
−α
′
2
∑
i
(q + ξ) · λi(ni − 1)!
)
×
(α′p · q
2
)
α′p · q
2
i(q + ξ) · ∂¯niX(w)
ni!
+
ni−1∑
k
iq · ∂¯ni−kXi(q + ξ) · ∂¯kX(w)
k!(ni − k − 1)!
:::::::::::::::::::::::::::

+
∑
j 6=i
α′nj !q · λj
2
 i(q + ξ) · ∂¯ni+njX(w¯)
(ni + nj)!
:::::::::::::::::::::::::::::::::
+
(∑
i
α′mi!q · ζi
2
)
i(q + ξ) · ∂miX
mi!
iq · ∂¯niX
(ni − 1)!

∣∣∣∣∣∣∣∣
multilinear in iζi,iλi
.
(B.7)
5. (1,0;1) terms
This result is given by replacing λi, ni, X¯ with ζi,miX in eq.(B.7).
− lim
ξ→0
1
2
hµν∂
µ
ξ ∂
ν
ξ :
2pi
α′p · (q + ξ) exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯)
)(
−α
′
2
∑
i
(q + ξ) · ζi(mi − 1)!
)
×
(α′p · q
2
)
α′p · q
2
i(q + ξ) · ∂miX(w)
mi!
+
mi−1∑
k
iq · ∂mi−kXi(q + ξ) · ∂kX(w)
k!(mi − k − 1)!
::::::::::::::::::::::::::::

+
∑
j 6=i
α′mj !q · ζj
2
 i(q + ξ) · ∂mi+mjX(w¯)
(mi +mj)!
::::::::::::::::::::::::::::::::::
+
(∑
i
α′ni!q · λi
2
)
i(q + ξ) · ∂¯niX
ni!
iq · ∂miX
(mi − 1)!
 .
∣∣∣∣∣∣∣∣
multilinear in iζi,iλi
(B.8)
6. (0,0;2) terms
− lim
ξ→0
1
2
hµν∂
µ
ξ ∂
ν
ξ |z − w|α
′p·(q+ξ) i(q + ξ) ·X(z)i(q + ξ) ·X(z)
2
× : exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯i)
)
:
×
(
α′p · q
2(z − w) +
∑
i
α′mi!q · ζi
2(z − w)mi + iq · ∂X(z)
)(
α′p · q
2(z¯ − w¯) +
∑
i
α′ni!q · λi
2(z¯ − w¯)ni + iq · ∂¯X(z¯)
)∣∣∣∣∣
multilinear in iζi,iλi
. (B.9)
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In the last line the third term in the first or second brackets does not give the pole of z − w.
− lim
ξ→0
1
2
hµν∂
µ
ξ ∂
ν
ξ |z − w|α
′p·(q+ξ) i(q + ξ) ·X(z)i(q + ξ) ·X(z)
2
× : exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯i)
)
:
×
(
α′p · q
2(z − w) +
∑
i
α′mi!q · ζi
2(z − w)mi+1
)(
α′p · q
2(z¯ − w¯) +
∑
i
α′ni!q · λi
2(z¯ − w¯)ni+1
)∣∣∣∣∣
multilinear in iζi,iλi
=− lim
ξ→0
1
4
hµν∂
µ
ξ ∂
ν
ξ
2pi
α′p · (q + ξ)
[(
α′p · q
2
)2
: i(q + ξ) ·X(w)i(q + ξ) ·X(w)
+
(
α′p · q
2
)(∑
i
α′mi!q · ζi
2
)
mi∑
k=0
i(q + ξ) · ∂mi−kX(w)i(q + ξ) · ∂kX(w)
(mi − k)!k!
:::::::::::::::::::::::::::::::::::::::::::::::::::::::::
+
(
α′p · q
2
)(∑
i
α′ni!q · λi
2
)
:
ni∑
k=0
i(q + ξ) · ∂¯ni−kX(w)i(q + ξ) · ∂¯kX(w)
(ni − k)!k!
::::::::::::::::::::::::::::::::::::::::::::::::::::::::::
+ 2
(∑
i
α′mi!q · ζi
2
)(∑
i
α′ni!q · λi
2
)
i(q + ξ) · ∂miX(w)
mi!
i(q + ξ) · ∂¯niX(w¯)
ni!
∣∣∣∣∣∣
multilinear in iζi,iλi
. (B.10)
• First we sum up the simple lines.
− lim
ξ→0
1
4
hµν∂
µ
ξ ∂
ν
ξ :
2pi
α′p · (q + ξ) exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯i)
)
[(
α′p · q
2
)2
i(q + ξ) ·X(w)i(q + ξ) ·X(w)
+ 2
(
−α
′
2
∑
i
(q + ξ) · λi(ni − 1)!
)(∑
i
α′mi!q · ζi
2
)
i(q + ξ) · ∂miX
mi!
iq · ∂¯niX
(ni − 1)!
+ 2
(
−α
′
2
∑
i
(q + ξ) · ζi(mi − 1)!
)(∑
i
α′ni!q · λi
2
)
i(q + ξ) · ∂¯niX
ni!
iq · ∂miX
(mi − 1)!
+ 2
(
−α
′
2
∑
i
(q + ξ) · ζi
)(
−α
′
2
∑
j
(q + ξ) · λj
)
iq · ∂miX(w)iq · ∂¯niX(w¯)
+2
(∑
i
α′mi!q · ζi
2
)(∑
i
α′ni!q · λi
2
)
i(q + ξ) · ∂miX(w)
mi!
i(q + ξ) · ∂¯niX(w¯)
ni!
]∣∣∣∣∣
multilinear in iζi,iλi
=− lim
ξ→0
1
4
hµν∂
µ
ξ ∂
ν
ξ : 2pi exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯i)
)
[(
α′p · q
2
)2 −(q ·X)2(p · ξ)2 + 2(q ·X)(ξ ·X)(p · q)(p · ξ)− (ξ ·X)2(p · q)2
α′(p · q)3
+
α′2
2
(∑
i iqaξbζic∂
miXd(S
ab)cd
) (∑
i iqa′ξb′λic′∂
niXd′(S
a′b′)c
′d′
)
p · q
∣∣∣∣∣∣
multilinear in iζi,iλi
=
piα′hµνqaqb
(
LµaLνa + 2SµaS¯νb
)
4p · q : ∂
m1Xρ1 · · · ∂¯n1Xσ1 · · · exp (ip ·X(w)) : . (B.11)
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• Secondly we sum up the double lines.
− lim
ξ→0
1
2
hµν∂
µ
ξ ∂
ν
ξ :
2pi
α′p · (q + ξ) exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯i)
)(
α′p · q
2
)2
[(
−α
′
2
∑
i
(q + ξ) · λi(ni − 1)!
)
i(q + ξ) · ∂¯niX(w)
ni!
+
(
−α
′
2
∑
i
(q + ξ) · ζi(mi − 1)!
)
i(q + ξ) · ∂miX(w)
mi!
]∣∣∣∣∣
multilinear in iζi,iλi
= lim
ξ→0
1
2
hµν∂
µ
ξ ∂
ν
ξ : 2pi exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯i)
)(
α′p · q
2
)2
[∑
i
q · λiiq · ∂¯niX(w)(p · ξ)2 − ξ · λiiq · ∂¯niX(w)p · ξp · q − q · λiiξ · ∂¯niX(w)p · qp · ξ + ξ · λiiξ · ∂¯niX(w)(p · q)2
2ni(p · q)3
+
∑
i
q · ζiiq · ∂miX(w)(p · ξ)2 − ξ · ζiiq · ∂miX(w)p · ξp · q − q · ζiiξ · ∂miX(w)p · ξp · q + ξ · ζiiξ · ∂miX(w)(p · q)2
2mi(p · q)3
]∣∣∣∣∣
multilinear in iζi,iλi
=
piα′2hµν
4p · q
(
ηacηbdηµeηνf − ηµcηadηbeηνf − ηacηµdηeνηbf + ηµcηνdηaeηbf
)
×
(∑
i
iqaqbζic∂
miXdpepf
mip · q +
∑
i
iqaqbλic∂¯
niXdpepf
nip · q
)
× exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯i)
)∣∣∣∣∣
multilinear in iζi,iλi
=
piα′2hµν
4p · q
(
ηµeηad(Sbν)cf − ηaeηµd(Sbν)cf
)(∑
i
iqaqbζic∂
miXdpepf
mip · q +
∑
i
iqaqbλic∂¯
niXdpepf
nip · q
)
× exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯i)
)∣∣∣∣∣
multilinear in iζi,iλi
=
piα′2hµν
4p · q (S
bν)cf (Saµ)de
(∑
i
iqaqbζic∂
miXdpepf
mip · q +
∑
i
iqaqbλic∂¯
niXdpepf
nip · q
)
× exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯i)
)∣∣∣∣∣
multilinear in iζi,iλi
. (B.12)
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• Finally we sum up the wavy lines.
− lim
ξ→0
1
2
hµν∂
µ
ξ ∂
ν
ξ :
2pi
α′p · (q + ξ) exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯i)
)
[
1
2
(
−α
′
2
∑
i
(ni − 1)!(q + ξ) · λi
)(
−α
′
2
∑
j
(nj − 1)!(q + ξ) · λj
)
α′p · q
2
iq · ∂¯ni+njX
(ni + nj − 1)!
+
1
2
(
−α
′
2
∑
i
(mi − 1)!(q + ξ) · ζi
)(
−α
′
2
∑
j
(mj − 1)!(q + ξ) · ζj
)
α′p · q
2
iq · ∂mi+mjX
(mi +mj − 1)!
+
(
−α
′
2
∑
i
(q + ξ) · ζi(mi − 1)!
)(
α′p · q
2
)
×

(
mi−1∑
k=0
iq · ∂mi−kXi(q + ξ) · ∂kX(w)
k!(mi − k − 1)!
)
+
∑
j 6=i
α′mj !q · ζj
2
 i(q + ξ) · ∂mi+mjX(w)
(mi +mj)!

+
(
−α
′
2
∑
i
(q + ξ) · λi(ni − 1)!
)(
α′p · q
2
)
×

(
ni−1∑
k=0
iq · ∂¯ni−kXi(q + ξ) · ∂¯kX(w)
k!(ni − k − 1)!
)
+
∑
j 6=i
α′nj !q · λj
2
 i(q + ξ) · ∂¯ni+njX(w¯)
(ni + nj)!

+
1
2
(
α′p · q
2
)(∑
i
α′mi!q · ζi
2
)
mi∑
k=0
i(q + ξ) · ∂mi−kX(w)i(q + ξ) · ∂kX(w)
(mi − k)!k!
+
1
2
(
α′p · q
2
)(∑
i
α′ni!q · λi
2
)
ni∑
k=0
i(q + ξ) · ∂¯ni−kX(w)i(q + ξ) · ∂¯kX(w)
(ni − k)!k!
]∣∣∣∣∣
multilinear in iζi,iλi
. (B.13)
First we write the terms that include X’s without any derivative.
− lim
ξ→0
1
2
hµν∂
µ
ξ ∂
ν
ξ :
2pi
α′p · (q + ξ) exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯i)
)
[(
−α
′
2
∑
i
(q + ξ) · ζi(mi − 1)!
)(
α′p · q
2
)(
iq · ∂miXi(q + ξ) ·X(w)
(mi − 1)!
)
+
(
−α
′
2
∑
i
(q + ξ) · λi(ni − 1)!
)(
α′p · q
2
)(
iq · ∂¯niXi(q + ξ) ·X(w)
(ni − 1)!
)
+
(
α′p · q
2
)(∑
i
α′mi!q · ζi
2
)
i(q + ξ) · ∂miX(w)i(q + ξ) ·X(w)
mi!
+
(
α′p · q
2
)(∑
i
α′ni!q · λi
2
)
i(q + ξ) · ∂¯niX(w)i(q + ξ) ·X(w)
ni!
]∣∣∣∣∣
multilinear in iζi,iλi
=− lim
ξ→0
1
2
hµν∂
µ
ξ ∂
ν
ξ
2pi
α′p · (q + ξ) exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯i)
)
×
(
α′p · q
2
)∑
i
i(q + ξ) ·X(z)α
′
2
(
iqaξbζic∂
miXd(S
ab)cd + iqaξbλic∂¯
niXd(S
ab)cd
)∣∣∣∣∣
multilinear in iζi,iλi
=
α′pihµν
2p · q exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯i)
)
×iqeLµe
(∑
i
iqaζic∂
miXd(S
νa)cd +
∑
i
iqaλic∂¯
niXd(S
νa)cd
)∣∣∣∣∣
multilinear in iζi,iλi
. (B.14)
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Secondly we write the terms that change one prefactor to two.
− lim
ξ→0
1
2
hµν∂
µ
ξ ∂
ν
ξ :
2pi
α′p · (q + ξ) exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯i)
)
[(
−α
′
2
∑
i
(q + ξ) · ζi(mi − 1)!
)(
α′p · q
2
)(mi−1∑
k=1
iq · ∂mi−kXi(q + ξ) · ∂kX(w)
k!(mi − k − 1)!
)
+
(
−α
′
2
∑
i
(q + ξ) · λi(ni − 1)!
)(
α′p · q
2
)(ni−1∑
k=1
iq · ∂¯ni−kXi(q + ξ) · ∂¯kX(w)
k!(ni − k − 1)!
)
+
1
2
(
α′p · q
2
)(∑
i
α′mi!q · ζi
2
)
mi−1∑
k=1
i(q + ξ) · ∂mi−kX(w)i(q + ξ) · ∂kX(w)
(mi − k)!k!
+
1
2
(
α′p · q
2
)(∑
i
α′ni!q · λi
2
)
ni−1∑
k=1
i(q + ξ) · ∂¯ni−kX(w)i(q + ξ) · ∂¯kX(w)
(ni − k)!k!
]∣∣∣∣∣
multilinear in iζi,iλi
. (B.15)
We can check the following equation easily.
mi−1∑
k=1
(mi − 1)!
k!(mi − k − 1)!∂
mi−kX∂kX =
mi−1∑
k=1
mi!
2k!(mi − k)!∂
mi−kX∂kX (B.16)
By using this equation we can simplify the above equation as follows:
− lim
ξ→0
1
2
hµν∂
µ
ξ ∂
ν
ξ
2pi
α′p · (q + ξ)
(
α′p · q
2
)
exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯i)
)
×
[(
mi−1∑
k=1
α′(mi − 1)!i(q + ξ) · ∂kX(w)
2k!(mi − k − 1)!
)(
(q · ζi)i(q + ξ) · ∂mi−kX − (q + ξ) · ζiiq · ∂mi−kX
)
+
(
ni−1∑
k=1
α′(ni − 1)!i(q + ξ) · ∂¯kX(w)
2k!(ni − k − 1)!
)(
(q · λi)i(q + ξ) · ∂¯ni−kX − (q + ξ) · λiiq · ∂¯ni−kX
)]∣∣∣∣∣
multilinear in iζi,iλi
=− lim
ξ→0
1
2
hµν∂
µ
ξ ∂
ν
ξ 2pi
(
α′p · q
2
)
exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯i)
)
×
[(
mi−1∑
k=1
α′(mi − 1)!
2k!(mi − k − 1)!
)(
iξ · ∂kXp · q − iq · ∂kX(p · ξ)
(p · q)2
)(
qaξbζic∂
mi−kXd(S
ab)cd
)
+
(
ni−1∑
k=1
α′(ni − 1)!
2k!(ni − k − 1)!
)(
iξ · ∂¯kXp · q − iq · ∂¯kX(p · ξ)
(p · q)2
)(
qaξbλic∂¯
ni−kXd(S
ab)cd
)]∣∣∣∣∣
multilinear in iζi,iλi
=− piα
′hµν
2p · q
[(
mi−1∑
k=1
(mi − 1)!
k!(mi − k − 1)!
)(
qapc∂
kXd(iS
aµ)cd
)(
qaζic∂
mi−kXd(S
aν)cd
)
+
(
ni−1∑
k=1
(ni − 1)!
k!(ni − k − 1)!
)(
qapc∂¯
kXd(iS
aµ)cd
)(
qaλic∂¯
ni−kXd(S
aν)cd
)]∣∣∣∣∣
multilinear in iζi,iλi
. (B.17)
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Finally we write the terms that change two prefactors to one.
− lim
ξ→0
1
2
hµν∂
µ
ξ ∂
ν
ξ :
2pi
α′p · (q + ξ) exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯i)
)
[
1
2
(
−α
′
2
∑
i
(ni − 1)!(q + ξ) · λi
)(
−α
′
2
∑
j
(nj − 1)!(q + ξ) · λj
)
α′p · q
2
iq · ∂¯ni+njX
(ni + nj − 1)!
+
1
2
(
−α
′
2
∑
i
(mi − 1)!(q + ξ) · ζi
)(
−α
′
2
∑
j
(mj − 1)!(q + ξ) · ζj
)
α′p · q
2
iq · ∂mi+mjX
(mi +mj − 1)!
+
(
−α
′
2
∑
i
(q + ξ) · ζi(mi − 1)!
)(
α′p · q
2
)∑
j 6=i
α′mj !q · ζj
2
 i(q + ξ) · ∂mi+mjX(w)
(mi +mj)!
+
(
−α
′
2
∑
i
(q + ξ) · λi(ni − 1)!
)(
α′p · q
2
)∑
j 6=i
α′nj !q · λj
2
 i(q + ξ) · ∂¯ni+njX(w¯)
(ni + nj)!
∣∣∣∣∣∣
multilinear in iζi,iλi
=− lim
ξ→0
1
2
hµν∂
µ
ξ ∂
ν
ξ :
2pi
α′p · (q + ξ) exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯i)
)
 ∑
i,j,i 6=j
α′2(ni − 1)!(nj − 1)!
4(ni + nj − 1)!
α′p · q
2
(q + ξ) · λi nj
(
ξ · λjiq · ∂¯ni+njX − q · λjiξ · ∂¯ni+njX
)
+ (i↔ j)
2(ni + nj)
+
∑
i,j,i 6=j
α′2(mi − 1)!(mj − 1)!
4(mi +mj − 1)!
α′p · q
2
(q + ξ) · ζimj
(
ξ · ζjiq · ∂mi+mjX − q · ζjiξ · ∂mi+mjX
)
+ (i↔ j)
2(mi +mj)
∣∣∣∣∣∣
multilinear in iζi,iλi
=− piα
′2
8p · q hµν exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯i)
)
 ∑
i,j,i 6=j
(ni − 1)!(nj − 1)!
(ni + nj − 1)!
qaλicpd(S
µa)cdnjqeλjg∂¯
ni+njXh(S
νe)gh + (i↔ j)
(ni + nj)
+
∑
i,j,i 6=j
(mi − 1)!(mj − 1)!
(mi +mj − 1)!
qaζicpd(S
µa)cdmjqeζjg∂
mi+mjXh(S
νe)gh + (i↔ j)
(ni + nj)
∣∣∣∣∣∣
multilinear in iζi,iλi
. (B.18)
Thus we can summarize all the results as follows:
piα′hµν
4p · q
[
qaqb
(
LµaLνb + 2SµaS¯νb
)
+ 2qaL
µa
(
qbS
bν + qbS¯
bν
)]
∂m1X · · · ∂¯n1X · · · exp (ip ·X(w))
+
piα′2hµν
4p · q
∑
i
(Sµa)ed(Sbν)ρif
qaqb∂
miXdpepf
mi
· · · ∂mi︸︷︷︸X · · · ∂¯n1X · · · exp (ip ·X(w))
+
piα′2hµν
4p · q
∑
i
(
ηµeηad(Sbν)σif + ηaeηµd(Sbν)σif
) qaqb∂¯niXdpepf
ni
∂m1X · · · ∂¯niX︸ ︷︷ ︸ · · · exp (ip ·X(w))
− ipiα
′hµν
2p · q
(
mi−1∑
k=1
(mi − 1)!
k!(mi − k − 1)!
)(
qapc∂
kXd(S
aµ)cd
)(
qb∂
mi−kXd(S
bν)ρid
)
· · · ∂miX︸ ︷︷ ︸ · · · ∂¯n1X · · · exp (ip ·X(w))
− ipiα
′hµν
2p · q
(
ni−1∑
k=1
(ni − 1)!
k!(ni − k − 1)!
)(
qapc∂¯
kXd(S
aµ)cd
)(
qa∂¯
ni−kXd(S
aν)σid
)
∂m1X · · · ∂¯niX︸ ︷︷ ︸ · · · exp (ip ·X(w))
+
piα′2hµν
8p · q
[∑
i,j
(ni − 1)!(nj − 1)!
(ni + nj − 1)!
qapd(S
µa)σidnjqei∂¯
ni+njXh(S
νe)σjh + (i↔ j)
(ni + nj)
]
∂m1X · · · ∂¯niX︸ ︷︷ ︸ ∂¯njX︸ ︷︷ ︸ · · · exp (ip ·X(w))
+
piα′2hµν
8p · q
[∑
i,j
(mi − 1)!(mj − 1)!
(mi +mj − 1)!
qapd(S
µa)ρidmjqei∂
mi+mjXh(S
νe)ρjh + (i↔ j)
(mi +mj)
]
· · · ∂miX︸ ︷︷ ︸ ∂mjX︸ ︷︷ ︸ · · · ∂¯n1X · · · exp (ip ·X(w)) .
(B.19)
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C Soft theorem for B field
As in the previous sections we derive the general formula for the soft B field theorem. The contraction between the B field
and the hard vertex operator is as follows:
lim
ξ,ω→0
hµν∂
µ
ξ ∂
ν
ω∂z∂z¯ : exp
(
iq ·X(z) + iξ ·X(z′) + iω · ∂¯X(z¯′) :
× : exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯i)
)
:
∣∣∣∣∣
multilinear in iζi,iλi
= lim
ξ,ω→0
hµν∂
µ
ξ ∂
ν
ω∂z : |z − w|α
′p·q|z′ − w|α′p·ξ exp
(
− α
′p · ω
2(z¯′ − w¯)
)
× exp
(
−α
′
2
∑
i
(mi − 1)!q · ζi
(z − w)mi −
α′
2
∑
i
(ni − 1)!q · λi
(z¯ − w¯)ni
)
exp
(
−α
′
2
∑
i
(mi − 1)!ξ · ζi
(z′ − w)mi −
α′
2
∑
i
(ni − 1)!ξ · λi
(z¯′ − w¯)ni
)
× exp
(
α′
2
∑
i
ni!ω · λi
(z¯′ − w¯)ni+1
)
× : exp
(
iq ·X(z) + iξ ·X(z′) + iω · ∂¯X(z¯′) + ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯i)
)
:
∣∣∣∣∣
multilinear in iζi,iλi
= lim
ξ→0
hµν∂
µ
ξ : |z − w|α
′p·(q+ξ)
× exp
(
−α
′
2
∑
i
(mi − 1)!(q + ξ) · ζi
(z − w)mi −
α′
2
∑
i
(ni − 1)!(q + ξ) · λi
(z¯ − w¯)ni
)
× :
(
i(q + ξ) ·X(z) + ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯i)
)
:
×
(
α′p · q
2(z − w) +
∑
i
α′mi!q · ζi
2(z − w)mi+1 + iq · ∂X(z)
)( −α′pν
2(z¯ − w¯) +
α′ni!λνi
2(z¯ − w¯)ni+1 + i∂¯X
ν(z¯)
)∣∣∣∣∣
multilinear in iζi,iλi
. (C.1)
We look at the powers of z−w. Because the last line in eq.(C.1) is first-order in q, it does not affect through subleading order
unless the z integration yields the singular behavior in q. Therefore we take only the coefficients of |z − w|α′p·(q+ξ)−2.
1. The 0-th order terms in (q + ξ)
lim
ξ→0
hµν∂
µ
ξ |z − w|α
′p·(q+ξ) exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯i)
)
:
×
(
α′p · q
2(z − w) +
∑
i
α′mi!q · ζi
2(z − w)mi+1 + iq · ∂X(z)
)( −α′pν
2(z¯ − w¯) +
α′ni!λνi
2(z¯ − w¯)ni+1 + i∂¯X
ν(z¯)
)∣∣∣∣∣
multilinear in iζi,iλi
(C.2)
Only the product of the first terms in each bracket yields the factor |z − w|−2.
hµν
−2pipµ
α′(p · q)2 exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯i)
)
−α′2p · qpν
4
∣∣∣∣∣
multilinear in iζi,iλi
= 0. (C.3)
We have used the antisymmetry of the tensor hµν . The leading B field soft theorem does not exist.
2. The first order terms in (q + ξ)
(a) (0,0;1) terms
lim
ξ→0
hµν∂
µ
ξ |z − w|α
′p·(q+ξ) exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯i)
)
:
× i(q + ξ) ·X(z)
(
α′p · q
2(z − w) +
∑
i
α′mi!q · ζi
2(z − w)mi+1 + iq · ∂X(z)
)( −α′pν
2(z¯ − w¯) +
α′ni!λνi
2(z¯ − w¯)ni+1 + i∂¯X
ν(z¯)
)∣∣∣∣∣
multilinear in iζi,iλi
.
(C.4)
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We write only the terms that have the factor |z − w|α′p·(q+ξ)−2.
lim
ξ→0
hµν∂
µ
ξ
2pi
α′p · (q + ξ) exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯i)
)
:
×
(
−i(q + ξ) ·X(w)α
′p · q
2
α′pν
2
+
∑
i
i(q + ξ) · ∂¯niX(w)α
′p · q
2
α′λνi
2
− i(q + ξ) · ∂miX(w)
∑
i
α′q · ζi
2
α′pν
2
)∣∣∣∣∣
multilinear in iζi,iλi
= lim
ξ→0
piα′hµν
2
∂µξ exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯i)
)
×
(
−(iξ ·Xp · q − iq ·Xp · ξ)pν
p · q +
∑
i
(
iξ · ∂¯niX(w)λνi − iq · ∂¯
niX(w)p · ξλνi
p · q
)
−
∑
i
q · ζipν
(
iξ · ∂miX(w)
p · q −
iq · ∂miX(w)p · ξ
(p · q)2
))∣∣∣∣∣
multilinear in iζi,iλi
=
piα′hµν
2
exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯i)
)
×
(
−i qaL
µapν
p · q +
∑
i
(
i∂¯niXµ(w)λνi − iq · ∂¯
niX(w)pµλνi
p · q
)
−
∑
i
q · ζipν i∂
miXµ(w)
p · q
)∣∣∣∣∣
multilinear in iζi,iλi
(C.5)
(b) (1,0;0) terms
lim
ξ→0
hµν∂
µ
ξ |z − w|α
′p·(q+ξ) exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯i)
)
×
(
−α
′
2
∑
i
(mi − 1)!(q + ξ) · ζi
(z − w)mi
)(
α′p · q
2(z − w) +
∑
i
α′mi!q · ζi
2(z − w)mi+1 + iq · ∂X(z)
)
×
( −α′pν
2(z¯ − w¯) +
α′ni!λνi
2(z¯ − w¯)ni+1 + i∂¯X
ν(z¯)
)∣∣∣∣
multilinear in iζi,iλi
. (C.6)
We write only the terms that have the factor |z − w|α′p·(q+ξ)−2.
lim
ξ→0
hµν∂
µ
ξ
2pi
α′p · (q + ξ) exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯i)
)
×
(
−α
′
2
∑
i
(q + ξ) · ζi
)
iq · ∂miX(w)−α
′pν
2
∣∣∣∣∣
multilinear in iζi,iλi
=
∑
i
piα′hµνpνiq · ∂miX(w)ζµi
2p · q exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯i)
)∣∣∣∣∣
multilinear in iζi,iλi
(C.7)
(c) (0,1;0) terms
lim
ξ→0
hµν∂
µ
ξ |z − w|α
′p·(q+ξ) exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯i)
)
×
(
−α
′
2
∑
i
(ni − 1)!(q + ξ) · λi
(z¯ − w¯)ni
)(
α′p · q
2(z − w) +
∑
i
α′mi!q · ζi
2(z − w)mi+1 + iq · ∂X(z)
)
( −α′pν
2(z¯ − w¯) +
α′ni!λνi
2(z¯ − w¯)ni+1 + i∂¯X
ν(z¯)
)∣∣∣∣
multilinear in iζi,iλi
. (C.8)
28
We write only the terms that have the factor |z − w|α′p·(q+ξ)−2.
lim
ξ→0
hµν∂
µ
ξ
2pi
α′p · (q + ξ) exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯i)
)
×
(
−α
′
2
∑
i
(q + ξ) · λi
)
α′p · q
2
i∂¯niXν(w¯)
∣∣∣∣∣
multilinear in iζi,iλi
=
piα′hµνi∂¯niXν(w¯)
2
∑
i
(
−λµi +
q · λipµ
p · q
)
exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯i)
)∣∣∣∣∣
multilinear in iζi,iλi
.
(C.9)
By summing up these results, we obtain
piα′hµν
2
[
−iqaLµapν
p · q −
∑
i
ipνqaλic∂¯
niXd(S
µa)cd
p · q +
∑
i
ipνqaζic∂
miXd(S
µa)cd
p · q − i(S
µν)cdλic∂¯
niXd
]
× exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯i)
)∣∣∣∣∣
multilinear in iζi,iλi
. (C.10)
On the other hand, we can rewrite the vertex in the alternative form of eq.(5.1).
: ∂Xµ(z)∂¯Xν exp (iq ·X(z, z¯)) :
=∂¯ : ∂Xν(z, z¯)Xµ(z¯) exp (iq ·X(z, z¯)) : − : Xν(z, z¯)∂Xµ(z, z¯)∂¯z exp (iq ·X(z, z¯)) : . (C.11)
This contribution is given by changing µ, λi, ∂¯
ni with ν, ζi, ∂
mi in the square bracket in eq.(C.10).
piα′hµν
2
[
−iqaLνapµ
p · q +
∑
i
ipµqaλic∂¯
niXd(S
νa)cd
p · q −
∑
i
ipµqaζic∂
miXd(S
νa)cd
p · q + i(S
µν)cdζic∂
miXd
]
× exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯i)
)∣∣∣∣∣
multilinear in iζi,iλi
. (C.12)
Thus averaging these two results, eq.(C.10) and eq.(C.12), we obtain
piα′hµν
2
[
−
∑
i
ipνqaλic∂¯
niXd(S
µa)cd − (µ↔ ν)
p · q +
∑
i
ipνqaζic∂
miXd(S
µa)cd − (µ↔ ν)
p · q
−1
2
i(Sµν)cdλic∂¯
niXd +
1
2
i(Sµν)cdζic∂
miXd
]
× exp
(
ip ·X(w) + i
∑
i
ζi · ∂miw X(w) + i
∑
i
λi · ∂¯niX(w¯i)
)∣∣∣∣∣
multilinear in iζi,iλi
=
−ipiα′hµν
2
(
pνqaS
µa − (µ↔ ν)
p · q −
pνqaS¯
µa − (µ↔ ν)
p · q +
1
2
(
Sµν − S¯µν))
× : ∂m1Xρ1 · · · ∂¯n1Xσ1 · · · exp (ip ·X) : . (C.13)
D Derivation of eq.(4.27) from Ward identity
We can derive the soft theorem eq.(4.27) by using the Ward identity as in the case of field theory. First, we calculate the
coefficients of |z − w|−2 in the OPE of a graviton and the massive particle. This corresponds to the three-point function of
a graviton, the massive particle and the intermediate particle in the left diagram in fig.(1). By using the on shell conditions
p2 = (p+ q)2 = − 4
α′
, q2 = 0 and ignoring O(q3) terms which is irrelevant through subsubleading order, we obtain
29
: ∂Xµ(z)∂¯Xν(z¯) exp(iq ·X(z)) :: ∂Xρ1∂Xρ2 ∂¯Xσ1 ∂¯Xσ2 exp(ip ·X(w)) :∣∣|z−w|−2
=− α
′2pµpν
4
V ρ1ρ2σ1σ2(w; p+ q)
+
α′2
4
{i(pµηνσ1 + pνηµσ1)iqaV ρ1ρ2aσ2 − i(pµδνc + pνδµc )iqσ1T ρ1ρ2cσ2 + i(ηµρ1pν + ηνρ1pµ)iqaV aρ2σ1σ2 − i(pνδµc + pµδνc )iqρ1T cρ2σ1σ2}
+
α′2
16
{
4α′pµpνiqρ1 iqaV
aρ2σ1σ2 + 4α′pµpνiqσ1 iqaV
ρ1ρ2aσ2 + α′i(ηνσ1pµ + ηµσ1pν)iqσ2 iqaV
ρ1ρ2;a − α′i(pµδνc + pνδµc )iqσ1 iqσ2V ρ1ρ2;c
+ α′i(ηµρ1pν + ηνρ1pµ)iqρ2 iqaV
a;σ1σ2 + 8(ηµρ1ηνσ1 + ηνρ1ηµσ1)iqaiqbV
aρ2bσ2 − 8(ηµρ1δνc + ηνρ1δµc )iqσ1 iqaV aρ2cσ2
−α′i(pµδνc + pνδµc )iqρ1 iqρ2V c;σ1σ2 − 8(ηνσ1δµc + ηµσ1δνc )iqρ1 iqaV cρ2aσ2 + 4iqρ1 iqσ1(V µρ2νσ2 + V νρ2νσ2)
}
(w; p+ q) +O(q3),
(D.1)
where V ρ1ρ2σ1σ2(w; p+q) = ∂Xρ1∂Xρ2 ∂¯Xσ1 ∂¯Xσ2 exp(i(p+q)·X)(w), V ρ1ρ2;a(w; p+q) = ∂Xρ1∂Xρ2 ∂¯2Xa exp(i(p+q)·X)(w).
Here the polarization tensors of the graviton and massive hard particle, hµν and Aρ1ρ2σ1σ2 , are omitted. By multiplying the
propagator in fig.(1), we can obtain the terms proportional to
1
p · q in the soft theorem.
We write the right diagram in fig.(1) as hµνN
µν
n (q; p1, · · · , pn), which does not have the factor 1
p · q . Then the amplitude
becomes
Mn+1(q; p, · · · , pn)
=− α
′2hµνpµpν
8p · q T
ρ1ρ2σ1σ2
n (p+ q, · · · )
−α
′2hµν
8p · q [(p
µηνσ1 + pνηµσ1)qaT
ρ1ρ2aσ2
n − (pµδνc + pνδµc )qσ1T ρ1ρ2cσ2n + (ηµρ1pν + ηνρ1pµ)qaT aρ2σ1σ2n − (pνδµc + pµδνc )qρ1T cρ2σ1σ2n ] (p+ q, · · · )
−α
′2hµν
32p · q
[
4α′pµpνqρ1qaT
aρ2σ1σ2
n + 4α
′pµpνqσ1qaT
ρ1ρ2aσ2
n + α
′(ηνσ1pµ + ηµσ1pν)qσ2qaiT
ρ1ρ2;a
n − α′(pµδνc + pνδµc )qσ1qσ2 iT ρ1ρ2;cn
+α′(ηµρ1pν + ηνρ1pµ)qρ2qaiT
a;σ1σ2
n + 8(η
µρ1ηνσ1 + ηνρ1ηµσ1)qaqbT
aρ2bσ2
n − 8(ηµρ1δνc + ηνρ1δµc )qσ1qaT aρ2cσ2n
− α′(pνδµc + pµδνc )qρ1qρ2 iT c;σ1σ2n − 8(ηνσ1δµc + ηµσ1δνc )qρ1qaT cρ2aσ2n + 8qρ1qσ1(Tµρ2νσ2n + T νρ2µσ2n )
]
(p+ q, · · · ) +O(q2)
+hµνN
µν
n (q; p, · · · ), (D.2)
where T ρ1ρ2σ1σ2n (p, · · · , pn) is the result of removing the polarization tensor Aρ1ρ2σ1σ2 from the original scattering amplitude
Mn(p, · · · , pn) : Mn(p, · · · , pn) = Aρ1ρ2σ1σ2T ρ1ρ2σ1σ2n (p, · · · , pn) or T ρ1ρ2σ1σ2n (p, · · · ) =
∫
d2w · · · 〈: V ρ1ρ2σ1σ2(w; p) : · · · 〉.
Next, we expand the Ward identity, Mn+1(q; p, · · · )|hµν→qµ = 0, by the soft momentum q.
1. O(q0)
0 = −α
′2qµpµpν
8p · q T
ρ1ρ2σ1σ2
n (p, · · · ) = −α′2pνT ρ1ρ2aσ2(p, · · · ). (D.3)
When we sum up for all the hard vertices, the right hand side becomes zero by momentum conservation.
2. O(q)
qµN
µν(q = 0; p1, · · · , pn) =α
′2pν
8
qa∂
a
pT
ρ1ρ2σ1σ2
n (p, · · · )
+
α′2qµ
8p · q [(p · qη
νσ1 + pνqσ1)qaT
ρ1ρ2aσ2
n − (p · qδνc + pνqc)qσ1T ρ1ρ2cσ2n
+(qρ1pν + p · qηνρ1)qaT aρ2σ1σ2n − (pνqc + p · qδνc )qρ1T cρ2σ1σ2n ] (p, · · · )
=
α′2pν
8
qa∂
a
pT
ρ1ρ2σ1σ2
n (p, · · · )
+
α′2
8
[ηνσ1qaT
ρ1ρ2aσ2
n − qσ1T ρ1ρ2νσ2n ηνρ1qaT aρ2σ1σ2n − qρ1T νρ2σ1σ2n ] (p, · · · ). (D.4)
Therefore, for soft graviton we obtain
Nµν(q = 0; p, · · · , pn) = α
′2
16
(pν∂µp + p
µ∂νp )T
ρ1ρ2σ1σ2
n (p, · · · ) (D.5)
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3. O(q2)
qaqµ∂
a
qN
µν(q = 0; p1 · · · , pn) =α
′2qµpµpν
8p · q
qaqb
2
∂ap∂
b
pT
ρ1ρ2σ1σ2
n (p, · · · )
+
α′2p · q
8p · q (η
νσ1qa − δνaqσ1) qb∂bpT ρ1ρ2aσ2n (p, · · · )
+
α′2p · q
8p · q (η
νρ1qa − δνaqρ1) qb∂bpT aρ2σ1σ2n (p, · · · )
+
α′3
32p · q (4p · qp
νqρ1qaT
aρ2σ1σ2
n + 4p · qpνqσ1qaT ρ1ρ2aσ2n
+p · qηνσ1qσ2qaiT ρ1ρ2;an − p · qqσ1qσ2 iT ρ1ρ2;νn + p · qηνρ1qρ2qaiT a;σ1σ2n − p · qqρ1qρ2 iT ν;σ1σ2n ) (p, · · · )
(D.6)
We can determine the symmetric part
∂aqN
µν + ∂µqN
aν
2
from the above equation.
∂aqN
µν + ∂µqN
aν
2
=
α′2pν
16
∂ap∂
µ
p T
ρ1ρ2σ1σ2
n (p · · · , )
+
α′2
16
(Sνµ)σ1c ∂
a
pT
ρ1ρ2cσ2
n (p · · · , ) + α
′2
16
(Sνa)σ1c ∂
µ
p T
ρ1ρ2cσ2
n (p · · · , )
+
α′2
16
(Sνµ)ρ1c ∂
a
pT
cρ2σ1σ2
n (p · · · , ) + α
′2
16
(Sνa)ρ1c ∂
µ
p T
cρ2σ1σ2
n (p · · · , )
+
α′3
64
[4pν(ηρ1µδac + η
ρ1aδµc )T
cρ2σ1σ2
n + 4p
ν(ησ1µδac + η
aσ1δµc )T
ρ1ρ2cσ2
n
+ηνσ1(ηµσ2δac + η
aσ2δµc )iT
ρ1ρ2;c
n − (ηµσ1ηaσ2 + ηµσ2ηaσ1)iT ρ1ρ2;νn
+ ηνρ1(ηµρ2δac + η
aρ2δµc )iT
c;σ1σ2
n − (ηµρ1ηaρ2 + ηµρ2ηaρ1)iT ν;σ1σ2n ] (p, · · · )
≡faµν . (D.7)
On the other hand, by exchanging the indexes µ and ν in the above equation we obtain
∂aqN
µν + ∂νqN
aµ
2
= faνµ. (D.8)
By taking difference between the above two equations, we obtain
∂µqN
aν − ∂νqNaµ
2
(q = 0; p1, · · · , pn) = faµν − faνµ (D.9)
By changing the indexes µ→ a, ν → µ and a→ ν, we obtain
∂aqN
νµ − ∂µqNνa
2
(q = 0; p1, · · · , pn) =fνaµ − fνµa. (D.10)
Then we add eq.(D.7) and eq.(D.10),
∂aqN
µν(q = 0; p1, · · · , pn) =faµν + fνaµ − fνµa
=
α′2
16
{
(pν∂µp + p
µ∂νp )∂
a
p − pa∂µp ∂νp
}
T ρ1ρ2σ1σ2n (p · · · , )
+
α′2
8
[
(Sνa)σ1c ∂
µ
p T
ρ1ρ2cσ2
n + (S
µa)σ1c ∂
ν
pT
ρ1ρ2cσ2
n + (S
νa)ρ1c ∂
µ
p T
cρ2σ1σ2
n + (S
µa)ρ1c ∂
ν
pT
cρ2σ1σ2
n
]
(p · · · , )
+
α′3
64
[{4ηρ1a(pµδνc + pνδµc ) + 4(ηρ1µpν + ηρ1νpµ)δac − 4pa(ηρ1µδνc + ηρ1νδµc )}T cρ2σ1σ2n
+ {4ησ1a(pµδνc + pνδµc ) + 4(ησ1µpν + ησ1νpµ)δac − 4pa(ησ1µδνc + ηνσ1δµc )}T ρ1ρ2cσ2n
+ {4ηµσ1ηνσ2δac − 2ηaσ2(ηµσ1δνc + ηνσ1δµc )} iT ρ1ρ2;cn
+ {4ηµρ1ηνρ2δac − 2ηaρ2(ηµρ1δνc + ηνρ1δµc )} iT c;σ1σ2n ] (p, · · · ). (D.11)
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If we substitute this, the subsubleading soft theorem becomes
Mn+1(p, · · · , q)|subsubleading =−
α′2qaqbpµpν
16p · q ∂
a
p∂
b
pTn(p, · · · )
− α
′2pµqaqb
4p · q (η
νσ1δac − ηaσ1δνc )∂bpT ρ1ρ2cσ2n (p, · · · )− α
′2pνqaqb
4p · q (η
µρ1δac − ηaρ1δµc )∂bpTn(p, · · · )
− α
′2
16p · q
[−2α′pµpνqρ1qaT aρ2σ1σ2n − 2α′pµpνqσ1qaT ρ1ρ2aσ2n + α′pµηνσ1qσ2qaiT ρ1ρ2;an
−α′pµqσ1qσ2 iT ρ1ρ2;νn + α′ηµρ1pνqρ2qaiT a;σ1σ2n
+8ηµρ1ηνσ1qaqbiT
aρ2bσ2
n − 8ηµρ1qσ1qaT aρ2νσ2n − α′pνqρ1qρ2 iTµ;σ1σ2n − 8ηνσ1qρ1qaTµρ2aσ2n + 8qρ1qσ2Tµρ2νσ2n
]
(p, · · · )
+
α′3
16
{
(pν∂µp + p
µ∂νp )∂
a
p − pa∂µp ∂νp
}
T ρ1ρ2σ1σ2n (p · · · , )
+
α′3
8
[
(Sνa)σ1c ∂
µ
p T
ρ1ρ2cσ2
n + (S
µa)σ1c ∂
ν
pT
ρ1ρ2cσ2
n + (S
νa)ρ1c ∂
µ
p T
cρ2σ1σ2
n + (S
µa)ρ1c ∂
ν
pT
cρ2σ1σ2
n
]
(p · · · , )
+
α′3
64
[{4ηρ1a(pµδνc + pνδµc ) + 4(ηρ1µpν + ηρ1νpµ)δac − 4pa(ηρ1µδνc + ηρ1νδµc )}T cρ2σ1σ2n
+ {4ησ1a(pµδνc + pνδµc ) + 4(ησ1µpν + ησ1νpµ)δac − 4pa(ησ1µδνc + ηνσ1δµc )}T ρ1ρ2cσ2n
+ {4ηµσ1ηνσ2δac − 2ηaσ2(ηµσ1δνc + ηνσ1δµc )} iT ρ1ρ2;cn
+ {4ηµρ1ηνρ2δac − 2ηaρ2(ηµρ1δνc + ηνρ1δµc )} iT c;σ1σ2n ] (p, · · · ).
=
α′2qaqbhµν
16p · q
[(
JµaJνb − SµaSνb − ¯SµaS¯νb
)
Tn(p, · · · )
]ρ1ρ2σ1σ2
+
α′3qaqbhµν
32p · q
[
(Sµap)ρ1pc
(
SνbTn
)cρ2σ1σ2
+ (S¯µap)σ1pc
(
S¯νbTn
)ρ1ρ2cσ2]
(p, · · · )
− α
′3qaqbhµν
16p · q
[(
Sνbp
)ρ2
(SµaiT )ρ1;σ1σ2 +
(
S¯νbp
)σ2
(SµaiT )ρ1ρ2;σ1
]
(p, · · · ) (D.12)
This is the same result as eq.(4.25) up to the overall factor.
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